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Editor's Statement 


A large body of mathematics consists of facts that can be presented and 
described much like any other natural phenomenon. These facts, at times 
explicitly brought out as theorems, at other times concealed within a proof, 
make up most of the applications of mathematics, and are the most likely 
to survive changes of style and of interest. 

This ENCYCLOPEDIA will attempt to present the factual body of all 
mathematics. Clarity of exposition, accessibility to the non-specialist, and a 
thorough bibliography are required of each author. Volumes will appear in 
no particular order, but will be organized into sections, each one comprising 
a recognizable branch of present-day mathematics. Numbers of volumes and 
sections will be reconsidered as times and needs change. 

It is hoped that this enterprise will make mathematics more widely used 
where it is needed, and more accessible in fields in which it can be applied but 
where it has not yet penetrated because of insufficient information. 


The theory of partitions is one of the very few branches of mathematics 
that can be appreciated by anyone who is endowed with little more than a 
lively interest in the subject. Its applications are found wherever discrete 
objects are to be counted or classified, whether in the molecular and the 
atomic studies of matter, in the theory of numbers, or in combinatorial 
problems from all sources. 

Professor Andrews has written the first thorough survey of this many- 
sided field. The specialist will consult it for the more recondite results, the 
student will be challenged by many a deceptively simple fact, and the applied 
scientist may locate in it the missing identity he needs to organize his data. 

Professor Turan’s untimely death has left this book without a suitable 
introduction. It is fitting to dedicate it to the memory of one of the masters 
of number theory. 


GIAN-CARLO ROTA 


Preface 


Let us begin by acknowledging that the word “partition” has numerous 
meanings in mathematics. Any time a division of some object into subobjects 
is undertaken, the word partition is likely to pop up. For the purposes of this 
book a “partition of n” is a nonincreasing finite sequence of positive integers 
whose sum is n. We shall extend this definition in Chapters 11, 12, and 13 
when we consider higher-dimensional partitions, partitions of n-tuples, and 
partitions of sets, respectively. Compositions or ordered partitions (merely 
finite sequences of positive integers) will be considered in Chapter 4. 

The theory of partitions has an interesting history. Certain special problems 
in partitions certainly date back to the Middle Ages; however, the first 
discoveries of any depth were made in the eighteenth century when L. Euler 
proved many beautiful and significant partition theorems. Euler indeed laid 
the foundations of the theory of partitions. Many of the other great math- 
ematicians— Cayley, Gauss, Hardy, Jacobi, Lagrange, Legendre, Littlewood, 
Rademacher, Ramanujan, Schur, and Sylvester—have contributed to the 
development of the theory. 

There have been almost no books devoted entirely to partitions. Generally 
the combinatorial and formal power series aspects of partitions have found 
a place in older books on elementary analysis (Introductio in Analysin 
Infinitorum by Euler, Textbook of Algebra by Chrystal), in encyclopedic 
surveys of number theory (Niedere Zahlentheorie by Bachman, Introduction 
to the Theory of Numbers by Hardy and Wright), and in combinatorial 
analysis books (Combinatory Analysis by MacMahon, Introduction to 
Combinatorial Analysis by Riordan, Combinatorial Methods by Percus, 
Advanced Combinatorics by Comtet). The asymptotic problems associated 
with partitions have, on the other hand, been treated in works on analytic 
or additive number theory (Introduction to the Analytic Theory of Numbers 
by Ayoub, Modular Functions in Analytic Number Theory by Knopp, 
Topics from the Theory of Numbers by Grosswald, Additive Zahlentheorie 
by Ostmann, Topics in Analytic Number Theory by Rademacher). 

If one considers the applications of partitions in various branches of 
mathematics and statistics, one is struck by the interplay of combinatorial 
and asymptotic methods. We have tried to organize this book so that it 
adequately develops and interrelates both combinatorial and analytic methods. 
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Xiv Preface 


Chapters 1-4 treat the elementary portions of the theory of partitions; of 
primary importance here is the use of generating functions. 

Chapters 5 and 6 treat the asymptotic problems. Partition identities are 
dealt with in Chapters 7 through 9. Chapter 10 on partition function con- 
gruences returns to the analytic aspect of partitions. Chapters 11-13 treat 
several generalizations of partitions and Chapter 14 presents a brief discussion 
of the computational aspect of partitions. 

There are three concluding sections of each chapter: A “Notes” section 
provides historical comment on the material covered; a “References” section 
provides a substantial but nonexhaustive list of relevant books and papers; 
and an “Examples” section provides statements of results not fully covered in 
the text. Those examples that occur with an asterisk are significant advances 
beyond the material presented in the text; the remainder form a reasonable 
set of exercises by which the reader may determine his grasp of the subject 
matter. References for the source of the examples occur in the related Notes 
section. 

Many of the mathematical sciences have seen applications of partitions 
recently. Nonparametric statistics require restricted partitions like those in 
Chapter 3. Various permutation problems in probability and statistics are 
intimately linked with the Simon Newcomb problem of Chapter 4. Particle 
physics uses partition asymptotics and partition identities related to the work 
in Chapters 5-9. Group theory (through Young tableaux) is intimately 
connected with Chapter 12, and the relationship between partitions and 
combinatorial theory is explored in Chapter 13. 

The material in this book has been developed over a period of years. My 
first acquaintance with partitions came from thrilling lectures delivered by 
my thesis adviser, the late Professor Hans Rademacher. Many of the topics 
herein have been presented in graduate courses at the Pennsylvania State 
University between 1964 and 1975, in seminars at MIT during the 1970-1971 
academic year, at the University of Erlangen in the summer of 1975, and at 
the University of Wisconsin during the 1975-1976 academic year. I owe a 
great debt of gratitude to many people at these four universities. I wish to 
thank specially R. Askey, K. Baclawski, B. Berndt, and L. Carlitz, who 
contributed many valuable suggestions and comments during the preparation 
of this book. 

Finally 1 thank my wife, Joy, who has throughout this project been both 
a help and an inspiration to me. 


GEorGE E. ANDREWS 


CHAPTER 1 


The Elementary Theory of Partitions 


1.1 Introduction 


In this book we shall study in depth the fundamental additive decomposition 
process: the representation of positive integers by sums of other positive 
integers. 


DEFINITION 1.1. A partition of a positive integer n is a finite nonincreasing 
sequence of positive integers 1,, 4,,..., A, such that )4., 4, = n. The A, are 
called the parts of the partition. 


Many times the partition (A,, 4,,..., 4,) will be denoted by A, and we shall 
write 1 n to denote “A is a partition of n.”” Sometimes it is useful to use a 
notation that makes explicit the number of times that a particular integer 
occurs as a part. Thus if A = (A,, d,,...,4,) Fn, we sometimes write 


l= (1412f23f3. -+) 


where exactly f, of the 1, are equal to i. Note now that )\}2, fii = n. 

Numerous types of partition problems will concern us in this book; 
however, among the most important and fundamental is the question of 
enumerating various sets of partitions. 


DEFINITION 1.2. The partition function p(n) is the number of partitions 
of n. 


Remark. Obviously p(n) = 0 when n is negative. We shall set p(0) = 1 with 
the observation that the empty sequence forms the only partition of zero. The 
following list presents the next six values of p(n) and tabulates the actual 
partitions. 


piy=1: 1=()); 

p22) =2: 2=(2), 141=(19) 

p3) = 3: 3=(3) 24+1=(12, 14+141=(1); 

p4)=5: 4=(4), 341=(13), 242 = (27), 
24141=(1?2), 1414141=(1%; 
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p5)=7: 5=(5), 441=(14, 342 = (23), 
34141=(153), 24241 = (12), 
2414+141=(12), 141414141=(); 

p(6) = 11: 6=(6), 5+1=(15), 442 = (24), 
44141=(174, 343 =(37), 34241 = (123), 
3414141=(153, 24242= (2%), 
24+24141=(1727,, 241414141 = (142), 
1+141414+14+1=(1%. 


The partition function increases quite rapidly with n. For example, p(10) = 
42, p(20) = 627, p{50) = 204226, p(100) = 190569292, and p(200) = 
3972999029388. 

Many times we are interested in problems in which our concern does not 
extend to all partitions of n but only to a particular subset of the partitions 
of n. 


DEFINITION 1.3. Let S denote the set of all partitions. 

DEFINITION 1.4. Let p(S, n) denote the number of partitions of n that belong 
to a subset S of the set ¥ of all partitions. 

For example, we might consider © the set of all partitions with odd parts 
and & the set of all partitions with distinct parts. Below we tabulate partitions 
related to 0 and to &. 

pwO,1)= 1: 1=()), 

pO, 2)= 1: 14+1= (1%), 

pO, 3) = 2: 3=(@) 1414+1=(1), 
po, 4) = 2: 341=(13, 1414141=(1%, 
pO, 5) = 3: 5=(5), 34141 = (173), 


1+4+141414+1=(1), 
pO, 6) = 4: 54+1=(15), 34+ 3 = (37), 

3414141 = (153), 

14+14141414+1=(1, 


WO,7=5: 7=(), 54+141= (175) 34341 = (137), 
341414141 = (13), 
1+141414+14141=(1). 


PY, 1) = 1: 1 = (1), 
p(B, 2) = 1: 2 = (2), 
pA, 3)=2: 3=(), 2+1=(12), 
pF, 4) =2: 4=(4, 341 = (13), 


pw(,5)=3: 5=(5), 441=(14), 3 +2 = (23), 

p(P,6)=4: 6=(6, 5+1=(15), 442 = (24), 
34241 = (123), 

WP,7)=5: 7=(7), 64+1=(16), 5 +2 = (25), 
443=(34, 44241 = (124). 
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We point out the rather curious fact that p(0,n) = p(Q,n) for n < 7, 
although there is little apparent relationship between the various partitions 
listed (see Corollary 1.2). 

In this chapter, we shall present two of the most elemental tools for treating 
partitions: (1) infinite product generating functions; (2) graphical representa- 
tion of partitions. 


1.2 Infinite Product Generating Functions of One Variable 


DEFINITION 1.5. The generating function f(q) for the sequence ag, @,,42,43,... 
is the power series f(q) = )n>0 nq”. 


Remark. For many of the problems we shall encounter, it suffices to 
consider f(q) as a “formal power series” in g. With such an approach many 
of the manipulations of series and products in what follows may be justified 
almost trivially. On the other hand, much asymptotic work (see Chapter 6) 
requires that the generating functions be analytic functions of the complex 
variable q. In actual fact, both approaches have their special merits (recently, 
E. Bender (1974) has discussed the circumstances in which we may pass from 
one to the other). Generally we shall state our theorems on generating 
functions with explicit convergence conditions. For the most part we shall 
be dealing with absolutely convergent infinite series and infinite products; 
consequently, various rearrangements of series and interchanges of summation 
will be justified analytically from this simple fact. 


DEFINITION 1.6. Let H be a set of positive integers. We let ““H” denote the 
set of all partitions whose parts lie in H. Consequently, p(“H’”’, n) is the 
number of partitions of n that have all their parts in H. 


Thus if Hg is the set of all odd positive integers, then “Hp” = ©. 
“Ho”, n) = pO, n). 


DEFINITION 1.7. Let H be a set of positive integers. We let “H”’(< d) denote 
the set of all partitions in which no part appears more than d times and each 
part is in H. 


Thus if N is the set of all positive integers, then p(“N”(< 1), n) = p(Q, n). 
THEOREM 1.1. Let H be a set of positive integers, and let 


f@ = ee n)q", (1.2.1) 


fAQ) = Las d), n)q’. (1.2.2) 
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Then for |q| < 1 


f@=Ta-4@)', (1.2.3) 
neH 
F£Q) = ia +q"t--++q%) 
= ace mes gt PV _ q’)'. (1.2.4) 
neH 


Remark. The equivalence of the two forms for f,(q) follows from the simple 
formula for the sum of a finite geometric series: 


_ r+t 
Lake oye 
l1-—x 


Proof. We shall proceed in a formal manner to prove (1.2.3) and (1.2.4); 
at the conclusion of our proof we shall sketch how to justify our steps analyt- 
ically. Let us index the elements of H, so that H = {h,, hy, hy, hg,...}. Then 


Ta-q@)'=[T]ad+a+a™+aq™4+---) 
neH neH 


(a +q™ 4 q7™ +4" +++) 
xl + q? 4g? 4 gi ee 


x (1+ q? 4+ 9?" 4 4°" +---) 


= Y y 3 ve egtiha taaha taghyt 


and we observe that the exponent of q is just the partition (h,“"h,77h,”-- -). 
Hence q” will occur in the foregoing summation once for each partition of n 
into parts taken from H. Therefore 


1d - 4) ' =¥ (“H”, nq”. 

neH n2z0 
The proof of (1.2.4) is identical with that of (1.2.3) except that the infinite 
geometric series is replaced by the finite geometric series: 


Td + at +a t+ al 
neH 
= > » > ve eg titi taahatashs + + 


d2a,20 d2a220 d2a370 


= ¥ p(“H’"(< d), nq”. 


n2z0 
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If we are to view the foregoing procedures as operations with convergent 
infinite products, then the multiplication of infinitely many series together 
requires some justification. The simplest procedure is to truncate the infinite 
product to []7., (1 — q")~'. This truncated product will generate those 
partitions whose parts are among h,, h2,..., h,. The multiplication is now 
perfectly valid since only a finite number of absolutely convergent series are 
involved. Now assume q is real and 0 < q < 1; then if M = h,, 
M n co 

Y CA”, a’ < TT — a")! < [Td — "7! < &. 
j=0 i=] 


i=t 


Thus the sequence of partial sums ay o PH”, j)q/ is a bounded increasing 
sequence and must therefore converge. On the other hand 


Y eH”, qi > TTA - a") ' > TTa- 4’)! as n> 0. 
j=0 i=t i=1 

Therefore 

¥ CH”, a! = TT — a7! = TT - a 

=O i=} neH 


Similar justification can be given for the proof of (1.2.4). | 
Coro.iary 1.2 (Euler). p(O, n) = p(Q, n) for all n. 


Proof. By Theorem 1.1, 
2 home =Ta aa ene ie 
and 
Y (2, mq" = [] (1 + 4" 


n20 n=t 


Now 


oo 00 = 2 co 


wi —@") ote tg 


(1.2.5) 


Hence 


d we, n)q” = ¥) A, n)q", 


n20 
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and since a power series expansion of a function is unique, we see that p(0, n) = 
p(@, n) for all n. | 


COROLLARY 1.3 (Glaisher). Let N, denote the set of those positive integers 
not divisible by d. Then 


PC Nass 2) = PON < d), n) 
for all n. 


Proof. By Theorem 1.1, 


ee so (1 — gift) 
XH N : a), nq = U ad - q") 
= 1 
ers 
(d+t)tn 


= 2 PC Nasi”. m9", 
0 


nz 


and the result follows as before. i | 


There are numerous results of the type typified by Corollaries 1.2 and 1.3. 
We shall run into such results again in Chapters 7 and 8, where much deeper 
theorems of a similar nature will be discussed. 


1.3 Graphical Representation of Partitions 


Another effective elementary device for studying partitions is the graphical 
representation. To each partition A is associated its graphical representation 
GY, (or Ferrers graph), which formally is the set of points with integral co- 
ordinates (i, j) in the plane such that if A = (A,, A,,...,4,), then (i, fye F, 
if and only ifO >i 2 —n+1,0<j <41j,, —1. Rather than dwell on this 
formal definition, we shall, by means of a few examples, fully explain the 
graphical representation. 

The graphical representation of the partition 8 + 6 + 6+ 5 + 1 is 


The graphical representation of the partition 7+3+4+3+4+2+4+1+41 is 


1.3 Graphical Representation of Partitions 7 


Note that the ith row of the graphical representation of (A,, A2,..., An) 
contains /, points (or dots, or nodes). 
We remark that there are several equivalent ways of forming the graphical 
representation. Some authors use unit squares instead of points, so that the 
graphical representation of 8 + 6 + 6 + 5 + 1 becomes 


Such a representation is extremely useful when we consider applications of 
partitions to plane partitions or Young tableaux (see Chapter 11). 

Other authors prefer the representation to be upside down (they would 
say right side up); for example, in the case of 8 +64+64+5+41 


e 
@oe0ee#2°*@ 

or @ee2ee#ee# @® 
@oeeee?@®@ 
@©eeoe92ee88 @ 


Since most of the classical texts on partitions use the first representation 
shown in this section, we shall also. 


DEFINITION 1.8. If A = (A,,...,4,) is a partition, we may define a new 
partition 2’ = (A,',...,4,_) by choosing A,’ as the number of parts of 4 that 
are > i. The partition 1’ is called the conjugate of A. 
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While the formal definition of c: 4 Loo revealing, we may better 
understand the conjugate by using graphical representation. From the 
definition, we see that the conjugate of the partition 8 + 6+6+4+5 +41 is 
54+44+4+4+4+444341 4 1. The graphical representation of 8 + 6 + 
6+5+41is 


and the conjugate of this partition is obtained by counting the dots in successive 
columns; that is, the graphical representation of the conjugate is obtained 
by reflecting the graph in the main diagonal. Thus the graph of the conjugate 
partition is 


Notice that not only does the graphical representation provide a simple 
method by which to obtain the conjugate of A, but it also shows directly that 
the conjugate partition 2’ is a partition of the same integer as / is; that is, 
LA, = XA,. Furthermore, it is clear that conjugation is an involution of the 
partitions of any integer, in that the conjugate of the conjugate of / is again J. 

Let us now prove some theorems on partitions, using graphical representa- 
tion. 


THEOREM 1.4. The number of partitions of n with at most m parts equals 
the number of partitions of n in which no part exceeds m. 


Proof. We may set up a one-to-one correspondence between the two classes 
of partitions under consideration by merely mapping each partition onto 
its conjugate. The mapping is certainly one-to-one, and by considering the 
graphical representation we see that under conjugation the condition “at 
most m parts” is transformed into “‘no part exceeds m” and vice versa. [i 


As an example, let us consider the partitions of 6, first into at most three 
parts and then into parts none of which exceeds 3. We shall list conjugates 
opposite each other. 
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6 1+141414141 
5 +1 - 2+14F14141 
44+2 2424141 
44+141 3414141 

3+ 3 24242 


34241 34241 
24242 3+3 


Theorem 1.4 is quite useful and shows how a graphical representation can 
be used directly to obtain important information. More subtle uses of this 
technique can be seen in the following two theorems. 


THEOREM 1.5. The number of partitions of a — c into exactly b — 1 parts, 
none exceeding c, equals the number of partitions of a — binto c — 1 parts, 
none exceeding b. 


Proof. Let us consider the graphical representation of a typical partition 
of the first type mentioned in the theorem. We transform the partition as 
follows: first we adjoin a new top row of c nodes; then we delete the first 
column (which now has b nodes); and then we take the conjugate: 


<e c c-1 <b 


A i or SY 
Ss es OC Ti ry 


oe © 2 


We see immediately that this composite transformation provides a one-to-one 
correspondence between the two types of partitions considered, and con- 
sequently the theorem is established. | | 


As an example, let us consider the case in which a = 14, b = 5, c = 4. 


4444141 - 34343 
44394241 + 44342 
4424242 + 54242 
3434341 + 44441 


3434242 > 5+34+1 


We conclude this chapter with one of the truly remarkable achievements 
of nineteenth-century American mathematics: F. Franklin’s proof of Euler’s 
pentagonal number theorem. Franklin’s accomplishment was to prove 
Legendre’s combinatorial interpretation of Euler’s theorem. We shall actually 
State the ~~ntagonal number theorem as Corollary 1.7, and we shall show 
how usef.. .he theorem is computationally in Corollary 1.8. 
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THEOREM 1.6. Let p,(Q, n) (resp. p,(@, n)) denote the number of partitions 
of n into an even (resp. odd) number of distinct parts. Then 


(-1)"™ if n= }3mGm + 1), 
BAP, n) = BAP, 8) = i otherwise. 

Proof. We shall attempt to establish a one-to-one correspondence between 
the partitions enumerated by p,(Z,n) and those enumerated by p,(2, n). 
For most integers n our attempt will be successful; however, whenever n is 
one of the pentagonal numbers }7(3m + 1), a single exceptional case will 
arise. 

To begin with, we note that each partition A = (A,,...,4,) of n has a 
smallest part s(A) = 4,; also, we observe that the largest part 4, of A= 
(A,,42,..., 4,) is the first of a sequence of, say, o(A) consecutive integers that 
are parts of A (formally o(A) is the largest j such that 4, = A, — j + 1). 
Graphically the parameters s(A) and o(A) are easily described: 


A =(76432) A = (8765) 
eeeece eoccccey 
ecoecc(e/ g(rA)=2 
eoee , 
coo 


E>) 
s(A)=2 


We transform partitions as follows. 


Case 1. s(A) < ofA). In this event, we add one to each of the s(A) largest 
parts of A and we delete the smallest part. Thus 


A = (76432) + i’ = (8743); 
that is 
eoeee eoeoe0e 
eeooe0e eeee50 


eoee 
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Case 2. s(A) > a(A). In this event, we subtract one from each of the o(A) 
largest parts of 1 and insert a new smallest part of size o(A). Thus 


A = (8743) — (76432); 


that is 


eeD 


Ces 
cD 


The foregoing procedure in either case changes the parity of the number of 
parts of the partition, and noting that exactly one case is applicable to any 
partition 4, we see directly that the mapping establishes a one-to-one cor- 
respondence. However, there are certain partitions for which the mapping 
will not work. The example 1 = (8765) is a case in point. Case 2 should be 
applicable to it; however, the image partition is no longer one with distinct 
parts. Indeed, Case 2 breaks down in precisely those cases when the partition 
has r parts, o(4) =r and s(A) =r + 1, in which case the number being 
partitioned is 


(r + 1) + (r + 2) +-++ 4 27 = $r(3r + 1). 


On the other hand, Case 1 breaks down in precisely those cases when the 
partition has r parts, (4) = r and s(A) = r, in which case the number being 
partitioned is 


r+(r+1)4--+4 (2r — 1) = $r3r — 1). 
Consequently, if n is not a pentagonal number, p.(9,n) = p,(Q, n); if 
n = $r(3r + 1), p(F, n) = p(B, n) + (- 1. | 
Coro.iary 1.7 (Euler’s pentagonal number theorem). 


[1G - a= 14+ F yraieen 0 + a) 
m=1 


n=1 


= > (- 1)"qirGn- 0), (1.3.1) 


Proof. Clearly 


fee) 


¥: (- 1)"qinGn- =1+ we 1)"qirGm-)) + y (- 1y"q?rGr-)) 


m= — 0 m= m=a-i 


Kt 


14 y (= 1)"qim@m-1) 4 y ie 1y"qimmt 


m= m= 
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i 


1+ (= ramen +g) 


1+ ¥ (p(Y,n) — plZ, n))q", 
n=1 


by Theorem 1.6. 
To complete the proof we must show that 


1+ ¥ (p,m) — p(B, ma" = TT = 2°. 


1 
y es (- [yt taztaate @y'1+a2,-2+43:3... 
’ 


q 


as in the proof of (1.2.4) in Theorem |.1. Note now that each partition with 
distinct parts is counted with a weight (— 1)*'**2*%*°", which is + 1 if the 
partition has an even number of parts and — 1 if the partition has an odd 
number of parts. Consequently 


ia a2 q") & ‘S my Dee (- [jt taztaster gat tay 2tas3 te 


=1+4+ ¥ (p(Z,n) — p(Z, n))q", 


n=l 
and so we have the desired result. |_| 
Coro_iary 1.8 (Euler). If n > 0, then 
p(n) — p(n — 1) — p(n — 2) + p(n — 5) + p(n — 7) 
4777+ (— I)"p(n — 2mm — 1) 
+ (— 1)"p(n — 4mGBm + 1) 4+°°-= 0, (1.3.2) 
where we recall that p(M) = 0 for all negative M. 


Proof. Let a, denote the left-hand side of (1.3.2). Then clearly 


Fagg’ = ¥. plndat | + (— 1gi™-ML +g”) 


n=0 n=0 m= 


I 
18 


(= ay" [TG = 4 


Examples 13 


where the penultimate equation follows immediately by (1.2.3) and Corollary 
1.7. Hence, a, = 0 for n > 0. | 


Corollary 1.8 provides an extremely efficient algorithm for computing 
p(n) that we shall discuss further in Chapter 14. 


Examples 


1. (Subbarao) The number of partitions of n in which each part appears 
two, three, or five times equals the number of partitions of n into parts 
congruent to 2, 3, 6, 9, or 10 modulo 12. 

2. The number of partitions of n in which only odd parts may be repeated 
equals the number of partitions of n in which no part appears more than 
three times. 

3. The number of partitions of n in which only parts 4 0 (mod 2”) may 
be repeated equals the number of partitions of n in which no part appears 
more than 2”*! — | times. 

4. (Ramanujan) The number of partitions of n with unique smallest part 
and largest part at most twice the smallest part equals the number of parti- 
tions of n in which the largest part is odd and the smallest part is larger than 
half the largest part. 

5. Let P,(r; n) denote the number of partitions of n into parts that are 
either even and not congruent to 4r — 2 (mod 4r) or odd and congruent to 
2r — 1 or 4r — 1 (mod 4r), Let P,(r; n) denote the number of partitions of n 
in which only even parts may be repeated and all odd parts are congruent 
to 2r ~ 1 modulo 2r. Then P,(r; n) = P,(r; n). 

Comment on Examples 6-7. P. A. MacMahon introduced what he termed 
“modular” partitions. Given the positive integers k and n, there exist (by 
the Euclidean algorithm) 4 > 0 and 0 <j < k such that 


n=kh + j. 


The “modular” partitions are a modification of the Ferrers graph so that 
n is represented by a row of ht k’s and one j. Thus the representation of 
8+8+747+6+45 4+ 2 to the modulus 2 is 


2222 
2222 
2221 
2221 
222 
221 
2 


Note that the ordinary Ferrers graph is just the modular representation 
with modulus 1. 

6. Let W,(r, m,n) denote the number of partitions of n into m parts, 
each large an 1, with exactly r odd parts, each distinct. Let W,(r, m,n) 
denote the ..umber of partitions of n with 2m as largest part and exactly r 
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odd parts, each distinct. Then W,(r, m,n) = W,(r, m,n) (use modular 
representations of the partitions in question with modulus 2). 

7. Let P;(r; n) denote the number of partitions (,4,:--A,) of n such that 
if A, is odd, then A, — 1,,, 2 2r -1(1 <i <5,4,,, = 0). Then P,(7; n) = 
P(r; n) (see Exercise 5 for P2(r;n)) (use modular representation of the 
partitions in question with modulus 2). 

8. (Sylvester) The number of partitions of n with distinct odd parts 
equals the number of partitions of n that are self-conjugate (i.e., identical 
with their conjugate). 

9. (MacMahon) Let M,(n) denote the number of partitions of n into 
parts, each larger than 1, such that consecutive integers do not both appear 
as parts. Let M,(n) denote the number of partitions of n in which no part 
appears exactly once. Then M,(n) = M,(n). 

10. (MacMahon) Let M,(N) denote the number of partitions of n into 
parts not congruent to 1 or 5 modulo 6. Then M,(n) = M,,(n) (See Example 9 
for M,(n)). 

11. (Euler) The absolute value of excess of the number of partitions n 
with an odd number of parts over the number of those with an even number 
of parts equals the number of partitions of n into distinct odd parts. 


Notes 


Many books on number theory or combinatorics present material of the 
type chosen for this chapter, for example, Andrews (1971), Comtet (1974), 
Hardy and Wright (1960), MacMahon (1916), Ostmann (1956), and Riordan 
(1958). Euler’s contributions are primarily found in Euler (1748). Glaisher’s 
theorem (Corollary 1.3) appears in Glaisher (1883). Theorem 1.5 can be 
found in Sylvester’s monumental paper (Sylvester, 1882-1884; see also G. W. 
Starcher, 1930). Franklin’s proof of the pentagonal number theorem appears 
in Franklin (1881); see also Subbarao (1971a), Andrews (1972). Recurrence 
relations (related to Corollary 1.8) and recent surveys are reviewed in Sec- 
tions P56 and P02, respectively, of LeVeque (1974). 

Example 1. Subbarao (1971b). 

Example 4. Andrews (1967b). 

Examples 5, 7. Andrews (1970). 

Example 6. Andrews (1974), MacMahon (1923). 

Examples 9, 10. Andrews (1967a). 

Example 11. Sylvester (1882-1884). 
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CHAPTER 2 eee 


Infinite Series Generating Functions 


2.1 Introduction 


In this chapter we shall consider the fruitful interaction between partition 
theorems and certain elementary methods for manipulating infinite series and 
products. The convergence questions that arose in Chapter 1 arise again; 
as before, however, they pose few if any difficulties in our work. 

We note that now we shall consider p(S, m,n), the number of partitions 
of n that lie in a set of partitions S and that have m parts. This immediately 
leads to the two-variable generating function 


| 
+h18 
iMs 


S234) = AS, m, n)z"q 


= tga 
AeS 


where if A = (A,,...,4,), #Q) = r, oA) = 4, +--- + 4,. The double series 
above converges absolutely for |z| < |q|~' > 1. This may be easily seen by 
proving (in the manner in which Theorem 1.1 is proved) that 


YY pY, m, n)z"q" = [] CU — 29")! 
m=0 n=0 n=1 
where .¥ is the set of all partitions. 
In fact, the proof of Theorem 1.1 with slight modification may be employed 
to prove that 


y 5 pH”, m, n)z™q" ss I] a =e zq")"', (2.1.1) 
m=0 n=0 net 
y S p(“H(< d), m, n)z™q" he [Ja - ziti gat ry me zq"), (2.1.2) 
m=0 n=0 neH 
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Other parameters besides the number of parts A{A) of a partition A will 
interest us from time to time; so we shall have occasion to consider other 
types of partition generating functions of several variables. 

The preceding comments suggest the interest of considering infinite series 
and products in two (or more) variables. In the following section, we shall 
develop an elementary technique for proving many series and product 
identities. We shall obtain several classical theorems of great importance, 
such as Jacobi’s triple product identity. As will become clear in Section 2.3, 
the results of Section 2.2 are quite useful in treating partition identities. It is 
possible, however, to skip Section 2.2 and read Section 2.3, referring back 
only for the statements of theorems. For the reader who needs series trans- 
formations to attack a partition problem, the first six examples at the end 
of this chapter form a good test of the techniques used in Section 2.2. 


2.2 Elementary Series-Product Identities 


We begin with a theorem due to Cauchy; as we shall see, this result provides 
the tool for doing everything else in this section. 


THEOREM 2.1. If |q| < 1, |t] < 1, then 


5 (1 — a(l — aqg)-+ (1 — ag") _ FC — atq") 

1 + = — 5 2.2.1 
Y d-m a a- ~G oe) 

Remark, We shall try always to state our theorems with as little notational 


disguise as possible. However, for the proofs, it seems only sensible to use 
the following standard abbreviations 


(a), = (a; q), = (1 — al — aq)**-(1 — aq"™"), 


(4). = (4; q)o = lim(a; 4), 


(a)o = 1. 


We may define (a), for all real numbers n by 


(4), = (4) 0/(4q")o- 


The series in (2.2.1) is an example of a basic hypergeometric series. The 
study of basic series (or q-series, or Eulerian series) is an extensive branch of 
analysis and we shall only touch upon it in this book. Most of the theorems 
of this section may be viewed as elementary results in the theory of basic 
hypergeometric series. Theorem 2.1 has become known as the ‘“‘q-analog of 
the binon. series,” for if we write a = q* where « is a nonnegative integer, 


18 Infinite Series Generating Functions Chap. 2.2 


then (2.2.1) formally tends to 


atn—-I1 
ay ee )rea-o-, as qi. 


Proof. Let us consider 
F(t) Il a — atq ) = Y A," (2.2.2) 
n=0 = a= 


where A, = A,(a, q). We note that the A, exist since the infinite product is 
uniformly convergent for fixed a and q inside |t| < 1 — e, and therefore it 
defines a function of t analytic inside |t| < 1. 

Now 


7 — atq”) 
(1 — )F(t) = (1 — at) nga Gain. 


(1 — atq” tc) 
tq”*") 


= (1 — at) 1 = (1 — at)F(tq). (2.2.3) 


Clearly Ay = F(0) = 1, and by comparing coefficients of t” in the extremes 
of (2.2.3) we see that 


A, — A,-1 = q°A, 7 aq”~'A,-1, 
or 


4a ag) 


oom 2.2.4 
Iterating (2.2.4) we see that 
ga aq"”'Y1 — aq"~*)-+ “(1 — a)Ao 
"(=a =a") = 9) 
— @n 
~ @n 
Substituting this value for A, into (2.2.2), we obtain the theorem. a 


Euler found the two following special cases of Theorem 2.1. Each of these 
identities is directly related to partitions in Example 17 at the end of this 
chapter. 
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CorOLLARY 2.2 (Euler). For |t| < 1, |q| < 1, 


io) f S 2 
2 = a a a —1tq")"', (2.2.5) 


"qr -1) 


14 } 


n=1 ad = ay = q?): : “(1 = q") = Ta + tq"). (2.2.6) 


Proof. Equation (2.2.5) follows immediately by setting a = 0 in (2.2.1). 
To obtain (2.2.6) we replace a by a/b and t by bz in (2.2.1); hence for |bz| < 1 


1 Oa ab = a9)---(b = ag" *)2" _ FF (I = aza’) 


om Ud-gi-@:d-q | Lt = bq") (2.2.7) 


Now set b = 0, a = — 1 in (2.2.7) and we derive (2.2.6) directly. | 


The following result is Heine’s fundamental transformation, and it is 
instrumental in proving each of the succeeding four corollaries. 


COROLLARY 2.3 (Heine). For |q| < 1, |t| < 1, |b] <1 


ee y (1 — a)(1 — aq): -(1 — aq”™!Q — byl — bq): (1 — bq" ')t" 


nat (1 — ql — q?)-+ (1 — gM — el — €g)- (1 — €g"") 
_ py Ud - bq™\l — atg™) 


m=o (1 — cq™\1 — tq™) 
2 (1 — c/b\(1 — cq/b)- + -(1 — cq” */b) x 
i+ 
= »» (1 — ql — 47) (1 — q""') x 


x (1 — (1 = tq): (1 = tq" )b" 
x (1 — at\(1 — atq):--(1 — atg’~*){ 


Proof. 
5 (a)n(b)at” — (D)oo 5 (C@)nt” | (€4")oo 
n=0 (q)lC)n (C)o n=0 (Dn, (bq") x 


_ Oo & & at", (Cb)nb"a™ 
(C).o n=0 m=0 (Dn (4) m 


— oF (c/b)mb™ (atq") 0 
(Cc m=0 - (Dm (tq™). 


— Dolatho 5 (C/b)m( mb” 
(C).o(t)co m=0 (GQ) m(4t)m 


20 Infinite Series Generating Functions Chap. 2.2 


COROLLARY 2.4 (Heine). If |c| < Jabl, |q| < 1, 
(1 — a)(l = aq)-- (1 = aq" yd — b)l-= bg) = bq"~')(c/ab)" 
(1 = gl = @?)-- 1 = aX = el = eg) = cq?) 


(1 = eq™/ay(1 — ¢q”/b) 
m=-o (1 — eq™\(1 — cq™/ab)— 


Proof. By Corollary 2.3, 


S, 


Sa) (balelaby" _— (b)-(c/ bo sv (c/ab),b" 
n=0 (q)alc n ~ (C)a(¢/ab) co n=0 (Dn 


(b), (cd) (cla)o _ (ela)a(e/b) a. 
“(a (clab), (b)s — (e(c/ab)« 
COROLLARY 2.5 (Bailey). If |q| < min(1, [b|), then 


ES - — ay -— aq)" a0) —aqgr” Ya — ba — bq): “dI- bg" 1y(- q|b)" 
=I — ql — q?)---(1 = gq" = aq/by(l = aq?/b) (= ag"/b) 


i (1 — ag™* + gyal —ag?™*?/b?) 
0 (1 = ag™**/by1 + q™*"/b) 
Proof. By Corollary 2.3 (interchanging a and b) 
y (b),€a),(— q/b)" (a),.(- 5 (q/P) mn — as 
n=0 (a)aaq/b)n ~ (aq/b) al= ke m=0 (Ql — 
(a),(- 9), = (q?/b?; 


~ (aq/b).(— q/b)n no (G25 4m 


_ ().(— 9),€aq7/b75 9?) 
© (aq/b)(— 4/b) (05 4?).0 
_ (49; @)al— g),(eq */b? 54 
(aq/b),,(— a/b). 
We remark that Corollary 2.4 is commonly referred to as the ‘‘q-analog 


of Gauss’s theorem,” while Corollary 2.5 is the ‘‘q-analog of Kummer’s 
theorem.”’ 


COROLLARY 2.6. If |q| < 1, 


nl-non 


ge 2.2 .(f — gt eee n-1) 
n=1 (1 — g)l — g*)- (= gl — zl — zq)-- C1 = zg" *) 


eld 20™, (2.2.8) 
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~ q” - m\—1 
+ = (il —q™)°. (2.2.9) 
Pp (l-g(- 9? -@"P mat : 


Remark, Equation (2.2.8) is due to Cauchy, and Eq. (2.2.9) is due to Euler. 


Proof. First we note that (2.2.9) is obtained from (2.2.8) by setting z = q. 
In Corollary 2.4, seta = a7', b = B~', c = z. Hence 


14 y (a — 1)(a@ — q):--(a — q”"')(B — 1)(8 — gq): (8B — gq" ')z" 


n=1 (9).(Z)n 
_ (22) (2B), 
(2) o(Z¢B) 
and if we set « = B = 0 in this identity, we obtain (2.2.8). iia 


COROLLARY 2.7, If |q| < 1, 


(l= al = ag) = ag gee? amt = 
ke iayiagy egy Te te: 


Proof. Set b = B~' in Corollary 2.5. Hence 


y (a),(B — 1B — 4) (B= a" "= a)" _ (495. geo = Do(497B?s 2 )en | 
a=0 (Q)la9B)n (aqB),,(— 9B). 


Now set 8 = 0 in this identity and we obtain the desired result. | 


The next result, Jacobi’s triple product identity, may be viewed asa corollary 
of Corollary 2.2; however, it is so important that we label it a theorem. 
THEOREM 2.8. For z 4 0, |q| < |, 
» z"q”" pa Ta = qgn* yl 4 zq”* ya + zivtg?ns ty, (2.2.10) 
n=— 0 n=0 


Proof. For |z| > lq, |q| < 1, 


m m2 


= 2nt+ly _ . 2q 
Ta + 2g2*!)= a Grad, (by 22.) 


Teg es zg (gant 8s gq) 


1 < m m2 m 
“Gheleee ee 


(since (q?” — q?),, vanishes for m negative) 
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(ai qsutcs ae Cae ae 
= I x (- Ye" y getnigets 


Cae it a Ck a) es 


I &(— 4/2 Smt 
— - q v4 
(q75 47) 2X (q?; os 


x 1 : = m2 m 
(9734?) ol — 9/2397) co a as 


This is the desired result. Note that absolute convergence pertains everywhere 
only so long as |z| > Iq, |q| < 1. However, the full result of the theorem 
follows either by invoking analytic continuation, or by observing that the 
entire argument may be carried out again with z~' replacing z. | 


COROLLARY 2.9, For |q| < 1, 


S (— 1)tg(2kt Dat D/2~ a 
= we Lyrg 2+ Dmtnt /2~imcy _ g(2n+ Ady 
n=0 
= ila = g2kt DO+ Dy & git Dat yy — ght Dota, (2.2.11) 
n=0 
Proof. Replace q by q*** and then set z = — q**?~‘ in (2.2.10). This 


substitution immediately yields the equality of the extremes in (2.2.11), Now 


v (- Light Dae + 1/2 ~ inc] is gitnt D4) 
n=0 


Se se 1)tg(2kt Daet 1)/2~in 4 ye 1)"q(2kt Date 1/2 + in 
n=0 n=1 


= v= 1)"q(2kt att D/2~ in + ae 1)"q@k* Da@+ D/2~ tn 
n=0 n=-1 


— > (- 1)tqg(2kt Da@ + D2 in, a 


n=— © 


We remark that Corollary 2.9 reduces to Corollary 1.7 when k = i = 1 
once we observe that 


2.3 Applications to Partitions 23 


ila ot Qn* yl = gy a q°"*?) ‘ae fla = q"). 
n=0 n=1 


COROLLARY 2,10 (Gauss) 


ie) oo 1 9, m 
Py grt D2 x i ees (2.2.13) 
Proof, By (2.2.10) with z = — 1, 


SF (= 19g = 425 42) 4 2)a(Q5 ux 


a=— 00 


= (4) 0(4; q”)co = (Dol(- 9) «0 


where the final equation follows from (1.2.5). Next 


fee) 


a(nt1)/2 ~ n(n+1)/2 
u4 tq 


n=0 n=- 0 


= 19) o(- Dal- Deo 
= (Ql Vol Deo = (475 gal Goo = (475 I )eol(45 97) co 
where again the final equation follows from (1.2.5). | 


So far this section seems filled with much mathematics and little commentary. 
It has been the hope that the power of Theorem 2.1 and simple series manipula- 
tion would be fully appreciated if numerous significant results followed in 
rapid-fire order. The reader will have a chance to practice the techniques 
involved in the many examples at the end of this chapter. 


2.3 Applications to Partitions 


We shall prove four theorems on partitions utilizing either the actual 
results or the methods of Section 2.2. We conclude with an examination of 
“Durfee squares,” which allows us to obtain (2.2.9) from purely combinatorial 
considerations. We begin with an interpretation of Corollary 2.9. 


THEOREM 2.11. Let Dk, i) denote all those partitions with distinct parts 
in which each part is congruent to 0, + i(modulo 2k + 1). Let p( AK, i), n) 
(resp. p,(A(k, i), n)) denote the number of partitions of n taken from Qk, i) 
with an even (resp. odd) number of parts. Then 
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pAZ(k, ‘), n) = PAL(k, i), n) 


(— 1)" if n=(k = $)m(m + 1) tim, 
~ |0 otherwise. 


Proof. The proof is exactly like the proof of Corollary 1.7 done backwards. 
Here we read the partition-theoretic result by comparing coefficients on both 
sides of (2.2.11). | 


THEOREM 2.12 (Sylvester). Let A,(n) denote the number of partitions of n 
into odd parts (repetitions allowed) such that exactly k different parts 
occtir. Let B,(n) denote the number of partitions A = (A,,...,4,) of n such 
that the sequence (A,,...,4,) is composed of exactly k noncontiguous 
sequences of one or more consecutive integers. Then A,(n) = B,(n) for all 
k and n. 


Remarks. First of all, we note that this theorem of Sylvester is a refinement 
of Euler’s theorem (Corollary 1.2), in that p(@, n) = )\ 9 A,(n) and p(Q, n) = 
Yo Bn). Sylvester obtained a purely graphical proof of this result. Our 
proof (due to Ramamani and Venkatachaliengar) illustrates nicely the way 
in which combinatorics and formal series analysis can interact to facilitate 
a proof. 

The exact meaning of A,(n) and B,(n) should be crystal clear from the 
following example: A,(14) = 7, since the relevant partitions are (1239), 
(1757), (1327), (1437), (1357), (1°35), (1°35); and B,(14) = 7, since the 
relevant partitions are (1, 3, 10), (149), (248), (158), (257), (1247), (1346). 


Proof. We note that the method of proof of (1.2.3) in Theorem 1.1 may 
be extended to show that 


LL Autnyatg” = TE + agi! + ag?@i-9 4 ag?“ +--+) 
k=0 n=0 =1 


i 
—3 
i 
+ 
i) 
fs 
=) 
N 
~ — 
mit 
— 


pad t= q? 
a ae ) 
~ je =) 
= eee. 


: =((1- 4)q3q7).(-M. (2.3.1) 
(93.9) 
where the final equation follows from Euler’s theorem (1.2.5). 
It is not a simple matter to find directly the two-variable generating functions 
for B,(n). However, if we examine the conjugates of the partitions enumerated 
by B,(n), things simplify greatly. Actually conjugate partitions 4’ fall 
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into two distinct classes: (1) if 1 is a part of A, then J’ is a partition of n in 
which the largest part is unique, every positive integer smaller than the largest 
part appears, and exactly k — 1 of these parts appear more than once; 
(2) if | is not a part of A, then 2’ is a partition of n in which the largest part 
is repeated, every positive integer smaller than the largest part appears, and 
exactly k parts appear more than once. 

Consequently 


foo) fe) N-1 
> B(nakg?=14 ¥ aqg™ [] (gi + aq? + ag +---) 
N=1 r) 


a=0 =1 


ina 


k 


N-1 


+ ¥ (ag? + ag?® +-+-) [Dai + aq?) + ag¥ ++) 
N=1 j 


j=l 


oo ag’ Nz-1 aq 
Eine ice ae 


Natl —@ jai 1— q 


int 3 (1 — (1 = a)ygh FP = adgyy—1 
N=1 (aw 


_ FC = ayygh*? 
- ey (Dy 
=((1 — a)q3q7),(-—q),, (by Corollary 2.7) 


ive} 


=) YX Adnjatg” (by (2.3.1)). 
k=0 n=0 

Comparing coefficients of a*q” in the extremes of the foregoing string of 

equations, we deduce that A,(n) = B,(n) for all k and n. | 


Now we shall consider an analytic approach to Theorem 1.5; generally, 
analytic proofs require less ingenuity and provide less insight than com- 
binatorial proofs. 


Analytic Proof of Theorem 1.5. If we let p, (a — c) denote the number 
of the first type of partition described in Theorem 1.5, then the theorem 
asserts that p, (a — c) = p,,(a — b). Now 


YY DY polade'yg’ = 1+ YL xy TT + xg + x74 8g 4--+) 


a=(0 b=0 c=0 n=1 j=l 


em ee a See 


n=1 (Xq)p , 
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Therefore if 


fay=E YY peda — o)x?yq" 


then we need only show f(x, y) = f(y, x) to obtain the desired result: 


2 _ > xv 
f(xy y)-L+x 2 Gas 


<= (0),(9) Aq)” 


n=0 (Dnl*4)n 


— (9) 5 COO Qn” Cc 
- * Ccq)o(VDas 0 “(ay (by Corollary 2.3) 


(Do 5 Malm” 


“OMalvDa nso (Day 


(Dao DoVI7 0 F (Dn 
“CDV (Qo 950 (MiG Dn 


(by Corollary 2.3) 


sv n+ 
=(1-—~x ait 8d 
( ) Oden 
Therefore 


bd n+ 


fo) x" oO x" ¥ 
a 1a ae sone ua. 


5 x" — y4’) 
bs » vou co OD, 


+ os =f(y,). 


As a third example we consider a second refinement of Euler’s theorem 


(Corollary 1.2) due to N. J. Fine. 


THEOREM 2.13. The number of partitions of n into distinct parts with 
largest part k equals the number of partitions of n into odd parts such that 


2k + 1 equals the largest part plus twice the number of parts. 
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Proof. Combinatorial reasoning of the type used in the previous three 
proofs shows that Fine’s theorem is equivalent to the following assertion: 


oe) pitlgaetl 


an = tq De (— 9) sat. 
j=0(43q7)j44 ce ; 


Now 


tq d(— 9)q’t? 
j=0 


j= 


©, (g?: 2), git! 
= (q°39°)4 
j=o (9), 


me So (9), (G7!*7547) 0 


~o tig! wo q?zimt 2m 
= 14973 97)0¥ — ¥ 


by (2.2.5 
j=0(4)j m=0 (973 97m one 


oo 2m wo z¢s,j(2m+1) 
q tq 
19(47; 47) 0 
», (q?; Dn j=0 (9), 


= 19070 5 Gage, | Ore 


— 1G0G75 g7)an (45 Gm t975 Fm 
(tq) 0 m=0 (q?; q)m 


— 19(47 597 Jen (1975 4 Joslt4?3 97)oo ZS _ (475-97) mt™ 9?" 
(tq) .0 (q?; 9) m=0 (q’; Q?) (tq? ; 9?) m 


(by Corollary 2.3) 


~o gmt 2m+1 


= —— r 
m=0 (tq; q7)m+1 
We conclude this chapter with a look at a property of partitions called the 
Durfee square, and we utilize it to provide a new proof of (2.2.9). 


Combinatorial Proof of Eq. (2.2.9). To each partition A = (A,, d,,..., 4,) 
we may assign a parameter d(A) as the number of A, such that A, > j. Let us 
see what d(A) measures in the graphical representation of A. Suppose 4 = 
(1247577), then d(A) = 4, the graphical representation is 
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and as we have indicated, d(A) measures the largest square of nodes contained 
in the partition 2. This square is called the Durfee square (after W. P. Durfee), 
and d(A) is called the side of the Durfee square. It is clear from the graphical 
representation that if A / n and d(A) = s, then the partition A may be uniquely 
written as (s°) + 4° + A" where (s°) counts the nodes in the Durfee square, 
A’ represents the nodes below the Durfee square (and is therefore some 
partition all of whose parts are <s), and A’ represents the conjugate of 
the nodes to the right of the Durfee square and so 4" is also some partition 
whose parts are < s. In the foregoing example the partition 4 = (1247577) 
is uniquely written as (4*) + (124) + (273). Since partitions with parts < s 
are generated by 


| 1 
(1- ql —q?)-U-@) (@)s 
(Theorem 1.1), we see that the set of all partitions with Durfee square of 
side s is generated by 


a, ey ee 
1 @). @,  @s’ 


Therefore 


Examples 


1. The following generalization of Corollary 2.3 is valid for each integer 
k>1, 


y (43 a*)(b)ent” _ (b) (ats Qo & (e/bV.(t5 q)nb” 


n=0 (q‘; Dalen (c)..(t; q') «0 n=0 (q..ats qn 
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(b)ant?” _ (= tb)o 2 (b)mt™ 


2. 
n=0 (475 q?), (- Do m=0 (9) ml — 1b)m 
3 . (t;.47)nb” _ (619; 97). _(t3 4?) mb™ 
n=zo0 (Qn (695 47)x moo (42347 )m(b19; 7m 
4S AOS Val” _ (Abs Jao bts Von (4s Fm B5 Galt)” 


wo (GQalatds42)y (13 42) (abES q?)ay mao (425g?) BE; G2) 


(SO et a es 

5 (+ a) xe — r= Q)nl — 44)n 
0 re = _ +q2 ud 
py re x xq/¥3 97) my"- 


a 


7. The identity used in the proof of Theorem 2.13 is a special case of the 
one in Example 4. 


(aqy"*! 
=0 (9547 mit 


8X (a Nalagy" = La Yul = ag)" = 2 y 


9. The identity in Example 8 may be used to prove another theorem of 
N. J. Fine: 


U>,44(n) = V2,41(n) + V,,(n) 


where U,,,,(n) is the number of partitions of n with odd parts and largest 
part 2r + 1, and where V,(n) is the number of partitions of n into distinct 
parts such that the largest part minus the number of parts equals s. 

10. It is possible to prove that 


(- 1)’x 2n grat vie 


IF ontear= BEES 


=1 4 ae 1)"(qirr~ Dx3a7! ap gin'3nt x3) 


n=1 


by showing that each of the series s(x, q) in question satisfies 


s(x, q) =1- x7q _ q?x*s(xq, q), s(0, q) — 


11. Euler’s pentagonal number theorem is a corollary of Example 10. 

12. Example 10 can be proved in a purely combinatorial manner. The 
approach must consider not only what number n is being partitioned, but 
also m, the sum of the largest part and the number of parts. The invariance 
of m in the transformations of the proof of Theorem 1.6 suffices to treat 
the second equation in Example 10. 

In his last letter to G. H. Hardy, Ramanujan considered several families 
of functior- which he called “‘mock-theta functions.” Four of the fifth-order 
mock-theit unctions are 
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fin= 7 .., bolg= L a(— 4547 dn» 
n=0 ( Dn n=0 

Wo(q) = y itt Wat 202(_ gy Fo(q) = y Gr 
n=0 n=0 (4397)n 


Exercises 13 and 14 provide several relations among these functions: 


13. Wolq) 4 a( X re) ee 


grty ; 
+ Fo(q?) — 1. 
(q*:q*),  °4 ) 


14. roa) ~( y (- rar) x f = 2¢o(- 4”). 


=-7 a= =0(4 Dn 
22 agie* 
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16. If in Theorem 2.1 we replace q by q? and then replace t by tq? and a 
by — aq, then the resulting identity may be deduced from Example 6 of 
Chapter 1. 

17. If t is replaced by tq in Corollary 2.2, the resulting two equations have 
simple combinatorial proofs. Equation (2.2.5) may be proved by the con- 
sideration of partitions of n with m parts; Eq. (2.2.6) may be proved by the 
consideration of partitions of n with m distinct parts. 

18. Let us say a partition 4 is Sylvestered if the smallest part to appear 
an even number of times (0 is an even number) is even. For each set of 
positive integers 7, define S(T: m, n) as the number of Sylvestered partitions 
of n into m parts such that no elements of T are repeated. Then 


es 24 2k) on 2n- 1 ,n(2n- 1) 
Y S(T pm, n)x"q? oa Ther 23 Dye cede Oe : 


m,n20 eee: 1 (= Xq)2n 


19. The number of non-Sylvestered partitions of » with an odd number 
of parts equals the number of non-Sylvestered partitions of n with an even 
number of parts. 


20. (= "S(T m,nq" = J] = 9)( nee i) 


mn2z0 keT x 


Notes 


The origin of Theorem 2.] is uncertain; it has been attributed to Euler 
(Hardy, 1940, p. 223). Heine (1847) was the first to study systematically this 
type of scries, and so Theorem 2.1 is often attributed to him; however, Cauchy 
proved this result in 1843 (see Cauchy, 1893, p. 45). Corollary 2.2 is truly 
due to Euler (1748). Corollaries 2.3 and 2.4 are due to Heine (1847). W. N. 
Bailey (1941) and J. A. Daum (1942) independently discovered Corollary 2.5. 
Corollary 2.6 is due to Cauchy (1893). Corollary 2.7 appears to be due to 
V. A, Lebesgue (1840). Corollary 2.8 is the celebrated Jacobi triple product 
identity (Jacobi, 1829); the proof given here was found independently by 
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Andrews (1965) and P. K. Menon (1965). Equations (2.2.12) and (2.2.13) are 
generally attributed either to Jacobi (1829) or to Gauss (1866). Theorem 2.12 
is an extension of Euler’s theorem (Corollary 1.2) due to Sylvester (1884- 
1886); the proof we give is in essence due to V. Ramamani and K. 
Venkatachaliengar (1972; see also Andrews, 1974). Theorem 2.13 is an 
unpublished result due to N. J. Fine (1954; see also Andrews, 1966b). The 
use of Durfee squares has been studied extensively in Andrews (1971b, 1972a). 

The relationship between series and product identities has not been exten- 
sively treated in books. Certain elementary problems are broached in Andrews 
(1971a; see also 1972b). The advanced theory of these series may be found 
in Andrews (1974), Bailey (1935), Hahn (1949, 1950), and Slater (1966). 
Much of the recent literature is reviewed in Section P60 of LeVeque (1974). 

Examples 1-3. Andrews (1966c). 

Example 4. Andrews (1966b). 

Example 5. Andrews (1966a, c). 

Examples 6, 7. Andrews (1966b). 

Example 8. This identity is originally due to N. J. Fine (1954), and it 
appears in Andrews (1966b). 

Example 9. Andrews (1966b), Fine (1948). 

Example 10. Rogers (1916), Andrews (1966b), Fine (1954), 

Example 12. Subbarao (1971), Andrews (1972a). 

Examples 13, 14. Watson (1936), Andrews (1966a). 

Example 15. Carlitz (1967). 

Example 16. Andrews (1974). 

Example 18. Andrews (1970). In this paper, Sylvestered partitions are 
called “flushed” in accordance with Sylvester’s original work, Since Sylvester 
was one of the all-time champion coiners of new mathematical terms, it 
seems appropriate to call flushed partitions ‘‘Sylvestered.” 

Examples 19, 20. Andrews (1970). 
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CHAPTER 3 


Restricted Partitions and Permutations 


3.1 Introduction 


In Chapters 1 and 2, we studied various partition problems utilizing infinite 
series and infinite products. In the application of partitions (such as in 
statistics), we are often interested in restricted partitions, that is, partitions 
in which the largest part is, say, < N and the number of parts is < M. In this 
chapter, we shall examine restricted partitions. This undertaking will naturally 
lead us to the Gaussian polynomials and from there we shall be led to 
questions concerning permutations. 


3.2 The Generating Function for Restricted Partitions 


Let p(N, M, n) denote the number of partitions of n into at most M parts, 
each < N. Clearly 


P(N, M,n) = 0 if n> MN, 
p(N, M, NM) = 1. 
Therefore the generating function 


G(N, M; q) = >. P(N, M, n)q” 


n20 
is a polynomial in q of degree NM. 
THEOREM 3.1. For M, N > 0 
_ gNtM _ ,N+M~-1)...71 _ ,Mt1 
G(N, M:q) = q Ls q ae Gag") 
(l— ql — qh"): — 4) 


_ (q)wim : 
(Q)n(@)m 


(3.2.1) 
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Proof. Let g(N, M; q) denote the right-hand side of (3.2.1); then 
g(N, 9; 4) = g(0, M; q) = 1 (3.2.2) 


and 


ee a _1- _(Dnem-1 _ AN+My _ 71 _ ,M 
g(N, M; q) — g(N, M — 134) Gi@a q°)-d-4")] 


_ (Dnem-1 omy _ oN = um (Qn+m-1 
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= q"g(N — 1,M34q). (3.2.3) 


Note that (3.2.2) and (3.2.3) uniquely define g(N, M; q) for all nonnegative 
integers M and N (a fact easily proved by a double mathematical induction 
on N and M). 

On the other hand, 


1 if N=M=n=0, 


0 otherwise, 29 


P(N, 0, n) = p(0, M, n) = | 
since the empty partition of 0 is the only partition in which no part is positive 
and is also the only partition in which the number of parts is nonpositive. 

Equation (3.2.4) means that 


G(N, 0; q) = GO, M;q) = 1. (3.2.5) 


Furthermore, p(N, M,n) — p(N, M — 1,n) enumerates the number of 
partitions of n into exactly M parts, each < N. We transform each of these 
partitions by deleting every 1 that is a part, and subtracting | from each part 
larger than 1. The resulting partitions of n — M have at most M parts and 
each partis < N — 1. Since the foregoing transformation is clearly reversible, 
it establishes a bijection between the partitions enumerated by p(N, M, n) — 
p(N, M — 1, n) and those enumerated by p(N — 1,M,n — M). Therefore 


P(N, M,n) — p(N, M — 1,n) = p(N — 1, M,n— M), (3.2.6) 
and translating (3.2.6) into a generating function identity, we obtain 
G(N, M;q) ~ G(N, M — 134) = q4G(N — 1,M;q). (3.2.7) 


Thus since g(N, M; q) and G(N, M; q) satisfy the same initial conditions 
((3.2.2) and (3.2.5) resp.) and the same defining recurrence ((3.2.3) and 
(3.2.7) resp.), they must be identical. Therefore 


G(N, M; q) = 9(N, M;q) = {pam - 
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3.3 Properties of Gaussian Polynomials 


The polynomials G(N, M; q) appearing in Theorem 3.1 were first studied 
by Gauss and have come to be known as Gaussian polynomials. In this 
section we shall derive 2 number of useful formulas for these polynomials, 


DEFINITION 3.1. The Gaussian polynomial [7] is defined by 


n ec if O<m <n, 
I ~ |o otherwise. 


Note that 


N 
B _ G(N — M, M;q) 
by Theorem 3.1. We shall, however, not make use of this fact in this section. 


THEOREM 3.2. Let 0 < m <n be integers. The Gaussian polynomial [,] 
is a polynomial of degree m(n — m)inq that satisfies the following relations. 


cl-ble oon 
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Proof. Equations (3.3.1) and (3.3.2) are obvious from Definition 3.1. As for 
(3.3.3), we see that 


Oi SS Qi Sie ie yi le 
| m |= Ost ae 
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Equation (3.3.4) follows by replacing m by n — m in (3.3.3) and applying 
(3.3.2). 


The fact that [?] is a polynomial in q of degree n(n — m) follows by 
induction on n using (3.3.1) and (3.3.4). 


Finally 
: n _ (l-q@q") d-@ yess qb Sgt) 
in| P] tin = a y= 9) 
_nan-1l on-m4+i 
~mm-—1 | 
n} n 
er ea ae ("). = 


Many times the Gaussian polynomials arise due to their relationship with 
certain finite products. 


THEOREM 3.3 


(2)n = 


iM 


oa | Iyizigit- 12; (3.3.6) 


o N = 
(z)y' = » | 7 ‘|2 (3.3.7) 


Proof. By Theorem 2.1, 


(zq")., y= (9); 


Oe eet esi an er a 
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which is (3.3.6). 
Again by Theorem 2.1, 
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There are many other formulas related to the Gaussian polynomials. We 
shall conclude this section with a few of the most useful ones. 


THEOREM 3.4 
m 3q? i = 2n 
ay l™)]_[@an, fm , 
Py ) "| { if m is odd; O24) 
nt+m+1 n m+ j 
ase |- » | * | for m,n20; (3.3.9) 
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(3.3.11) 


Proof. We begin with (3.3.8), an identity important in the evaluation of 
Gaussian sums. Let {(m) denote the left-hand side of (3.3.8); then 
% fim" _ $ $ Zo 
2 Oe 7 te Bo "Gigs 


«o «o (= 1fam*4 

j=0 m=0 (4)(Q)m 
_eeuve a 

~ x (4); m=0 (9) m 
(—2)0'Za* (by (2.2.5)) 


= (273 q7)a' 


rey 2n 


= y ; 


cai 
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(by (2.2.5)). 


Equation (3.3.8) now follows by comparing coefficients of z™ in the extremes of 
the foregoing string of equations. 

We ma*. orove (3.3.9) by induction on n. If n = 0, the equation reduces 
to 1 = 1. .ssuming the result true for a specific n, we see that by (3.3.4) 
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To obtain (3.3.10) (the g-analog of the Chu-Vandermonde summation) we 
compare coefficients of z" on both sides of the identity 


al +n 
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A=0 
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= x H zk 1)gh@- 12 3 " |c- l)iz'g init i(i-1)/2 
k=0 i=0 


m 
ee zh — [igh 1/2 (n-ky(h— ky 
Zac tee Td — al 4 
Instead of proving (3.3.11), we prove the more general 


(a),()(q7 aa" 
nz0 (q)n(€)(a bg" co \ 


_ (c/a)y(c/b)y 
(© tclab), (3.3.12) 
Equation (3.3.12) was first proved by F. H. Jackson and is called the g-analog 
of Saalschutz’s theorem; Eq. (3.3.12) reduces to (3.3.11) if we make the sub- 
stitutions a = q>™@*™, b = g™*"*!, ¢ = q™*!, and then simplify. 

To obtain (3.3.12), we must utilize an identity that is easily deduced from 
Corollary 2.3. 


(ad Dat” _ (D)aAat)a, & (e/b al t)yb" 
Ay @dle (mn ako (ala, (PY Corelliary 2.3) 
_ (baat), & (DyCC/b)qb" 
(C)o(t)o n=0 (q),(at), 
_ (b)lat)n _ (C/b (btn & (abt/e)q(b),(c/b)" 
(C)ao(t)0 (at),,(b). n=0 (q),(b0), 
(by Corollary 2.3) 
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(colt) n=0 (9),(O), 
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_ (o/b) (bt), (abt/e)o(C)o SF (c/a)n(c/b)(abt/c)” 
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Let us multiply the extremes of this string of equations by (¢),,/(abt/c),, and 
then compare coefficients of t% on each side. Thus 


(3.3.13) 


y (a),(b),(c/ab)y ti) (c/a)y(c/b) ya" bNe a 


= ‘ 3.3.14 

cCOKOXC a @(On ewe 

Multiplying both sides of (3.3.14) by (q)ya-"b- “c%/(c/ab)y and simplifying, 
we obtain (3.3.12). a 


3.4 Permutations and Gaussian Multinomial Coefficients 


The Gaussian polynomial is often called the “gq-binomial coefficient” due 
to (3.3.5). In this section we shall use Gaussian polynomials to study certain 
types of permutation problems, and we shall be naturally led to the treat- 
ment of q-multinomial coefficients: 


DEFINITION 3.2. For m,,..., m, 2 0, we define the Gaussian multinomial 
coefficient (or q-multinomial coefficient) by 


m, +m +-o° +m, Ym m2 +...4+m, 
1 2 (Q) my +m + ..+ (3.4.1) 


m,, M2,...,mM, 7 (Gm,(Dmy* "(Dep 


fellas aah 


Now when r = 2, Theorem 3.1 tells us that 
m, + mM 
m,,m), 
is the generating function for p(m,, m2, n), the number of partitions of n with 
at most m, parts, each < m,. 


We shall now consider a different type of mathematical object with the 
same enumerative function p(m,, m3, n). 


Note that 


DEFINITION 3.3. A multiset is a set with possibly repeated elements. 


To be quite correct we might define a multiset as an ordered pair (M, f) 
where M is a set and f is a function from M to the nonnegative integers; for 
each me M, f(m) would be called the multiplicity of m. When M is a finite 


40 Restricted Partitions and Permutations Chap. 3.4 


set, say {1t,, mty,..., m,}. we shall write 
CM, f) = (1 LOM LOR) ay [OMO>, 


Let us begin by considering permutations of multisets (@ permutation of 
(M,f) is a word in which cach letter belongs to M and for each me M the 
total number of appearances of m in the word is f(i)). Thus 3212232112 
is a permutation of the multiset {13 2° 37}. 


Drrinition 3.4. We let inv(m,, m3,..., 91,3") denote the number of 
permutations €)6.°° +p emypt tm, Of {12+ --r"} in which there are 
exactly 1 pairs (€,, €;) such that i <j and €; > ¢;. 


TurOREM 3.5. inv(m,, 1,5 4) = ply, mg, 4). 


Proaf. We shall define a bijection between the permutations enumerated 
by inv(i,, 1; ") and the partitions enumerated by p(m,, m1, n). 

Let us use the “box” graphical representation for the Ferrers graph of a 
partition with each part < 11 and at most seven parts (here8 + 6+6+4+1 +41). 


m, =i! 


We follow the path indicated by the dots, starting with the upper right node 
and moving to the left and downward: if the path moves vertically, we write 
a 2 and if horizontally we write a 1. Hence the sequence corresponding to 
this graph is FT 1 211221111122122. 

Notice that the number of I’s to the right of the first 2 tells us the largest 
part of our partition; the number of 1’s to the right of our second 2 tells us 
the second part of our partition. and in general the number of I's to the right 
of the ith 2 tells us the ith part of our partition. Clearly the above relationship 
between partitions and permutations establishes a bijection between the 
permutations of {127} with inversions and the partitions of n with at 
most m1, parts, each < n,. Hence, inviimy, on) = pling, Mtg, A). | 
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Theorem 3.5, together with Theorem 3.1, yields the special case in which 
r = 2 of the following general result: 


THEOREM 3.6. For r > 1, 


DV inv(m,, mo,..., m,; n)q” = 


é +m,+--'+™m, 
azo 


my, ™M,..., M, 


| ; (3.4.2) 
Remark. This theorem is due to P. A. MacMahon. 
Proof. We proceed by induction on r. When r = 1, the result in Eq. (3.4.2) 


clearly reduces to 1 = 1. When r = 2, we see that 


‘ m, +m 
Y inv(m,, mz; n)q" = Y p(my, mz; n)q" = : ‘) 
nz0 n20 my, My, 


by Theorems 3.5 and 3.1. 
Now in general 


inv(m,,..., m,;n) = Y invin, +°-°+ m4, m,3/) 
j=0 
-inv(m,,...,m,_,;n — J). (3.4.3) 


To see (3.4.3), let us examine those permutations in which exactly j of the n 
inverted pairs have r as first element. The easiest way to construct all such 
permutations is as follows: first, take a permutation of {1° *™ 7° +™-12™} 
with j inversions; next replace each 2 by an r and then replace the m, + 
m, +°°*+m,_, appearances of 1 by a permutation of {17'2?---(r — 1)"-'} 
with n — j inversions. Since the two choices of permutations were totally 
independent, we see that the number of permutations of {1'2"?- --r} with 
r appearing in exactly j of the inverted pairs is just 


invon, +°°-+ m,_,, m,3;f)inv(m,,...,m,o13n — J). 


Summing on all j > 0, we obtain (3.4.3). 
It is now a simple matter to prove (3.4.2). It is true for r = 1 and 2, and 
assuming it true for r, we have by (3.4.3) 


¥ inv(m,,..., m,4,50)q" 
azo 


n 


= 3 by inv(m, +°°++ m,,m,,,;j/)inv(m,,...,m,;n — f)] q" 


8 


=“ inv(m, a nee m,, mee i DG Py inv(m,,. ee m,; k)q* 
’ k=0 
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a (Dm, +++ mee . (C) re 
(Vanes (Dome + ssp (Dani(Dmna” (Dm, 
= (Drei ees emess = m, | 
(QD) (Dmny” : (Dates my, ™M2,.+-, M44 
and the desired result follows by mathematical induction. | 


Let us now introduce a further parameter related to multiset permutations. 


DEFINITION 3.5. We let ind(m,, m2,...,m,;n) denote the number of 
permutations €)€5-°-Gn,4..-4m, Of {12> --r™"} for which 


mypte-+-+m,-~1 


» CH) =n 


i=1 


where x(&,) = iif; > &;, , and y(&,) = 0 otherwise. Thesum )°™! 7+"! y(E,) 
is called the greater index of the permutation. 


Thus the greater index of 11121122111112212is0+0+0+4+44 
0+04+04+84+04+04+0404+040+4 15+0= 27. 
We now obtain a second surprising result of MacMahon: 


THEOREM 3.7. For r > 1 


+m, +--°+m, 
D ind(m,, m2,..., m,; nq" = é 5 . (344) 
nZ0 mM, ™M2,.--, mM, 
Proof. We shall actually prove that 
Yaroind(m,my,....minq”_ . (3.4.5) 
() ry +m +--+ +m, (Dm D2" ° (Dn, 


We begin by considering the right-hand side of (3.4.5). We recall from 
Theorem 1.1 that (q),,' is the generating function for partitions in which no 
part exceeds m,, and by Theorem 1.4 it is also the generating function for 
partitions with at most m, parts. Now each partition with at most m, (positive) 
parts corresponds to a partition with exactly m, nonnegative parts (just fill 
in the necessary number of zeros). Therefore the coefficient of q™ in 


1 
(Dmn:(4 mo’ * (Dn, 


is the number of arrays 
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X, > X_ BoB Xm, 20 (3.4.6) 


where Za, + 2b, +:°°+ 2x, = N. 

Now we define a one-to-one correspondence between such arrays and 
ordered pairs (x, 0) where o is a permutation of {17'2"---r"} and z is a 
partition with exactly m, + m, +--- + m, nonnegative parts. For convenience 
we let M = m, + m, +°-'+ m,. 

The correspondence is constructed thus: we take the partition 2: A, + 
A, +:+:'+ Ay and write directly below it the permutation o = €,¢,---éy: 


A,A,A3° ‘ ‘Ay 
€10203°° ou. 


We now form an array resembling (3.4.6) by placing each A; (starting with 
A,) in the &;th row. This construction is inadequate as it stands since we have, 
for example, when x = (2°34) and a is a permutation of {1°27} 


43222 422 
121 1 2 3 2 
43222 422 
12121 3 2 
43222 422 
12211 3 2 


However, we may make the mapping a bijection by the specification that 
whenever a fall occurs in the permutation (i.e., &; > &;,,) we must also have 
A; > A,,,. Examining the above three pairs (*), we find that the first pair 
is the only one that fits this requirement. Clearly the mapping is now one-to- 
one, since we may take any array of type (3.4.6) with the specified inequalities 
and successively insert the second row into the first, the third row into the 
first, and so on, always making our insertion as far to the right as possible 
consistent with the nonincreasing order; this way of inserting guarantees that 
the “>” will always appear whenever an element of one row appears just 
to the left of one of a lower-numbered row. 
For example, let us work our insertion process on 


5 3 2 2 0 t ta t ta 
x oy py SIKH 222VO cs yy rarer vii", 
oe 1” 1” 2 1 1 
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The appropriate permutation is 112211232331, and the mapping we 
Originally constructed yields 


§$33322221110 
112211232331 


NWN 
wn dD 


as desired. 

To prove that we have a partition x = (A,A,°--Ajy) with strict inequality 
at the appropriate terms (specified by the falls in the permutation o = 
€162° >), we start with an arbitrary partition 


To = (G,a2"*-y)s 


and we define 


m= (a, + 1, 4, + $2, 43 + 3,---, dy + bm) 


where @; is the number of falls in {€,€;, ,---Es,}. Note that 6, + @, +°°-+ 
mw = x(C,) + WE.) +--- + x(Ey), the greater index of o, since on the left- 
hand side the fall €; > &;,, is counted exactly / times. 

Thus our mapping actually provides a bijection between arrays (3.4.6) 
whose total sum is N and ordered pairs ("°) where o is a permutation of 
{1"2™..-r"™} with greater index g(a) and 7 is 2 partition of N — g with at 
most M parts. 

Therefore 


l 1 
BE. ee on Ete peel ein 3.4.7 
d # (Dn, +tm2+-"++m, (Dm (Dang . (Dine ( 


But >), 47 = Vaso ind(iny, mz,..., m,3 n)q”, and so (3.4.5) is established, as 
desired. | 


To make our correspondence clear we exhibit in full the case in which 
N = 3,m, =3,m, =2. 


Array (3.4.6) (;) To o 
000 30000 20000 2 Pe 448 
3 0 94 1 12 

30 0 30000 30000 it i 0 28 
0 0 lies Wee te 

210 21000 21000 144272 
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2 0 0 21 00 0 1000 0 121 1 2 
1 0 121 1 2 
100 210 0 0 1 100 0 211 1 2 
2 0 211 21 2 
0 0 O 210 0 0 100 0 0 2211 1 
2 1 2214141 
111 1110 0 11100 1112 2 
0 0 1112 2 
1 0 11100 0000 0 1121 2 
0 112 1 2 
100 11100 000 0 0 122411 
1 1 12211 


COROLLARY 3.8 
ind(m,, m,..., m,;n) = inv(m,, m2,..., m,; Nn). 


Proof. Compare coefficients of q” in the identity 


Sj , fm ma totem, 
ba NVC ig Blass MLS = ea ee 
= ¥ ind(m, m,..., m,;n)q", 
na=0 
which is valid in light of Theorems 3.6 and 3.7. |_| 


The subject matter of this section has been greatly extended by D. Foata 
and R. P. Stanley. We note in passing that Foata has provided a purely 
combinatorial proof of Corollary 3.8. 


3.5 The Unimodal Property 


In many applications, we are interested in the distribution of values of 
functions like p(m,, mz; n). We shall prove a simple result that will allow 
us to provide relevant information on such questions in numerous cases. 


DEFINITION 3.6. A polynomial p(q) = ag + a,q +°°- + a,q" is called 
reciprocal if for each i, a; = a,-;, equivalently q"p(q~') = p(q). 


DEFINIT*=N 3.7. A polynomial p(q) = ag + a,q +---+ a,q” is called 
unimoda, .. there exists m such that 
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Qo © a, Kay SK Ag S Any, 2 Amer 2B B Ay. 


THEOREM 3.9. Let p(q) and r(q) be reciprocal, unimodal polynomials with 
nonnegative caefficients; then p(q)r(q) is also a reciprocal, unimodal 
palynomial with nonnegative coefficients. 


Proof. Let p(q) = a9 + ayq +°-* + 4,9", 1(q) = bo + big +°--+ + bg”, 
and let 


s(q) = p(q)r(q) = co + C19 477° + Cem ™ 
where 


Cc, = by a;b;_, (3.5.1) 
fur oa 


with the convention that a; = 0 if j < 0 or j > n and b, = 0 if j <0 or 
j> im. 
Now by (3.5.1) all the c; are nonnegative. Since 


q"*™s(q~') = q"p(q-')a™r(q7") 


= p(q)r(q) = s(4), 


we see that s(q) is reciprocal. 

Finally, to prove that s(q) is unimodal, we begin by noting that a, — a,_, 2 0 
for all j < n/2 and b; — b;_, > 0 for all j < m/2; this is because each of 
p(q) and r(q) is both unimodal and reciprocal. Now 


cj; — ¢;-1) aes ajb;-i + Ay i+ 1Dj—n+i-t 
= a a;—1b;-5 — ~2 G,— iDj—n4i-t 


n 


ny (a; - a;_,)b;_; + x jens i-1(On~ 4 — dy~-i) 


f=—o i=-aw 


II 


y (a; — a;~,)(b;-5 — O;-nai-1) (since a; = a, -;) 


i=-ow 


{I 


ntl 
= Y (a; — a;—1)(b;-; = bj-nsi-t) 
i=0 


dint ly 
= py (a; — a;-1)(bj;—5 — by-n+i-1) 


dnt ly) 


+ x Guacs — G,-Mb;-n-144 — 5;-3) 
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(note that if (n + 1)/2 is an integer, ag,41)/2 — Qqn—1yy2 = 9) 
n/2 


= 2d (ai — a;. Yby-3 — by-n4i-1) 
i= 


Hence 
nf{2 : 


Cy — Cy-1 = L@ — a, bj- 1 — Oy-nai-1)- (3.5.2) 


Since 0 < i < n/2, we see that a; — a,_, 2 0. If j — i < m/2, then since 
n+1> 2i, we see that m/2>j—i>j—n+i-~1; hence b,_,- 
by-n+i-1 2 0 in this case. If j — i > m/2, then for 0 <j <(m + n)/2, we 
see that m+n+1>2j, and so m/2>m—-—j+ti>jo—-nt+i-1; 
therefore in this second case bj; — by-nsie1 = Om—jai — Dy-nei-s 2 O. 
Hence, in any case, both factors of each term on the right-hand side of 
(3.5.2) are nonnegative provided that 0 < j < (m + n)/2. Therefore, since 
s(q) is reciprocal, we see that it is also unimodal. | 


THEOREM 3.10. For all N, M,n >0 
p(N, M, n) = p(M, N, n); (3.5.3) 
P(N, M,n) = P(N, M, NM — n); (3.5.4) 
p(N, M,n) — P(N, M,n—- 1) 20 for 0<n< NM/2. (3.5.5) 


Proof. By Theorem 3.1, 


Dam, 


N+ a 7 
M | (q)n(Q)m 


LPN, M, n)q” = GN, Ms =| 


Equation (3.5.3) follows from the fact that 


N+M 
M 
is symmetric in N and M. 
The degree of G(N, M; q) is just 


(rae) 0) O09 


q’“G(N, M;q~') 


ae (1 — q7'\ — qd — qo) 
(= 7) = 97) = A - = gq?) a) 


and 


=@q 
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ee Cre) rt (3°) + sere eae 


(aw(Q)am 


= (Dwim = . 

= Ode ee 
Hence G(N, M;q) is a reciprocal polynomial of degree NM; therefore 
(3.5.4) is true. 

Now (3.5.5) is the unimodal property and unfortunately its proof (at least 
with current knowledge) lies outside of the theory of partitions proper. It has 
been proved through invariant theory, where it is shown that p(N, M; n) — 
P(N, M;n — 1) is the number of linearly independent semi-invariants of 
degree M, weight n, and extent not exceeding N (I. J. Schur, Vorlesungen 
liber Invariantentheorie, Satz 2.22, p. 76, Grundlehren der Mathematischen 
Wissenschaften, Vol. 143). To my knowledge no simple combinatorial proof 
of (3.5.5) is known. Bi 


THEOREM 3.11. For all m,, m2,...,m,,n 20 


Vv 


ind(m,,..., m,;m) = ind(m,,,...,mj,; n) 
= inv(m,,..., m,;n) = inv(m;,,..., m;,5 ") (3.5.6) 
where {i,,..., i,} is a permutation of {1,2,..., r}; 
ind(m,,..., m,;n) = ind(m,,...,m,;S — n) 
= inv(m,,..., m,;n) = inv(im,,...,m,; S — n) (3.5.7) 


where S = Vy <jcj<- mm, is the second elementary symmetric function of 
the m;; 


ind(m,,..., m,;n) — ind(m,,...,m,;n — 1) 
= inv(m,,...,m,;n) — inv(m,,...,m,;n —1)20 (3.5.8) 
forO<n< S/2. 
Proof. Since 


Y ind(m,,..., m,;n)q" = ¥ inv(m,,..., m,;n)q" 
azo naZ0 


= " Be Scns "| (Dis ving essa 


~ (G)mi(Q)ma” *(Dme 


m,+m)}| m,+m,+m, mt tm, 
= m, m my, my +oco+m,., ‘ 


m,,...,™M, 
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we see that 


m, teoeet m, 
m,,...,™, 


is symmetric in the m, (whence (3.5.6)) and is the product of unimodal reciprocal 
polynomials (by Theorem 3.10) and is therefore unimodal and reciprocal by 
Theorem 3.9. Equations (3.5.7) and (3.5.8) immediately follow once we 
observe that the degree of 


\" +imy teoort =| 


™m,, M2,..., Mm, 


is just 
m, +::°+m,+ 1 m, +1 m, + 1 m, + 1 
2 Nes ee MBO FEES NS 
= D6 nya, Ss. a 
1<i<j<r 
Examples 


1. The following finite form of Jacobi’s triple product identity may be 
deduced from Eq. (3.3.6): 
7 | 2n 
Poy a fe Ete Rey eR ee 
dy aix iar (— x7'G5 PM — X45 VD 


jenn 


where ["-],2 is the ordinary Gaussian polynomial with q replaced by q’. 

2. Jacobi’s triple product identity (Theorem 2.8) may be deduced from 
Example 1. 

In Examples 3-9, the polynomials H,(t) are the Rogers—Szeg6 polynomials 


Ho) = > | tf, 


Hoe 
. n=0 (Dn = CD). XD 0 ‘ 


4. Identity (3.3.8) is deduced from Example 3 in the case in which t = —1. 
5. H,(q*) = (— 443 4a. 
6. Hy, i(t) =(1+ t)H,(t) -ad- q" tH, _ ,(t). 


7. Utilizing Example 6 and the recurrence formula for the Gaussian 
polynomi (3.3.3), we may prove by induction on m that 
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m m n 
HHO) = 2 (D)et” Hn +n 2). 
r=OLT r 
8. From Examples 3 and 7 it follows that 


Any (Dy"2" = (t¥Z) . 
m,n2z0 (QD) (Dn (1) 0(Z) colt V)o(tZ) 


9. From Example 8, we may deduce that 


y H,(OH,(s)x" _ (stx?).. 
n=0 Dn (X) lt) o(SX) o(t5X) 0 
10. Let [x] denote the greatest integer function, then we may prove 
n+1l—a-j oo n+1 
tas = = [fig thSht 1) —2ah 
zd j ea! Yq [}(n + 1 — Sh) + a] 


(where a = 0 or 1), by showing that the assertion is true for n = 0 and 1 
and that each side satisfies the recurrence f, = f,-, + 9°f,-2- 

11. The Rogers-Ramanujan identities may be deduced from Example 10, 
namely, for a = 0 or 1, 


gi tt 1 
fo @, jo — att KL — gt 4-4 


12. Let D, denote the polynomial defined in Example 10 when a = 0. 
These polynomials satisfy the identities 


. n+1 no 
D2, = y «| ; | Diy-1-3 and D, =1+4+ > q’D,-2- 
J=O0 Jj ja 


13. Let the “kth excess” of the partition A = (A,A,---A,) denote A, — Ay 44. 
The generating function for partitions with j parts whose first excess is at 
most i is ; 


(1 ~ q'*')q/ 
(1 — 4X1 — q”)---(1 - 4’) 
14. Example 13 may be extended to show that for any k < j, the generating 
function for partitions with kth excess at most i is 
(1 = qty =_ 7 “(ll — 4q'**\q’ 
(1 — ql — 4’): - 9) 
15. Theorem 3.1 is a corollary of Example 14. 
16. The number of permutations of {1"22---r"-} with even greater index 
equals the number with odd greater index if and only if at least two m, are odd. 


17. We may define a several-variable analog of the Rogers-Szegé polyno- 
mials by 
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H,f ») x j j 
Xiseeey X= Me : . xen ede, 
oe ETE U PPR AREA a Wee | Retaaicieet > (iid : 
The related generating function is 

= H(X1).. 6, Xs)" 1 

n=O (Dn (to(tX1).0* 7 "(1%,) 0 


18. A protruded partition of n is a decreasing sequence of positive integers 
A, 2A, 2--:2A, > 0, together with a sequence of nonnegative integers 
satisfying 0 < yp; < A; for 1 < i < r, such that Z(A, + pw) = n. (The yp; are 
the protrusions of the ordinary partition (A,A,:--A,). The product 


Dae (ahaa Ss 


j=l 


is the generating function for the protruded partitions with each A, < m. 
19. From (3.3.13) (with a = x7?, b = x7#, ¢ = q?/(1 ~— q), t replaced 
by xzq?/(1 — q)) it follows when x > 0 that 


E Une" = (IT a - 2a) 
m=0 s=0 
oO great zn 


a-o — @)---(1— gl —4q— 4%) —q—q™) 


Notes 


Gauss (1863, p. 16) introduced Gaussian polynomials, and he observed 
the facts in Theorem 3.2. Theorem 3.1 was perhaps first stated by Sylvester 
(1884-1886); however, it may be trivially deduced from (3.3.6) and (3.3.7) 
identities of Cauchy (see Cauchy’s Collected Works, 1893, p. 46). Equation 
(3.3.8) is due to Gauss (1863) and was used by him in the treatment of 
Gaussian sums; (3.3.9) is also due to Gauss (1863). Equation (3.3.10) is 
actually a special case of Corollary 2.4 due to Heine (1847); actually it is 
the q-analog of the celebrated Chu-Vandermonde summation (R. Askey 
1975a; see also 1975b, p. 60) and our proof parallels the standard elementary 
proof of that summation. As we remarked in the text, (3.3.11) is due to 
F. H. Jackson (1910); one of its most important applications was by G. N. 
Watson (1929), and it has also been applied in R. P. Stanley’s (1972) recent 
work in combinatorics. 

All the work in Section 3.4 can be found in important works by 
P. A. MacMahon (1913, 1914, 1915-1916, 1916) which foreshadowed much 
of the recent work in the combinatorial theory of permutations. It would 
lead us afield to delve deeply into recent work; however, we should mention 
the work of Foata (1965, 1968), Foata and Schiitzenberger (1970), and R. P. 
Stanley (1972). Interestingly enough, MacMahon’s proof of Theorem 3.7 is 
of principal importance for Stanley’s (1972) theory of (P, w)-partitions 
(Lemma 6.1 and Theorem 6.2). Applications of (P, @)-partitions to permu- 
tation problems are well described by Stanley (1972, Section 25). 
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The material in Section 3.5 comes from Andrews (1975). 

Examples 1, 2. See Hermite (1891, pp. 155-156). 

Examples 3-9. Carlitz (1956), Szeg6 (1926), Rogers (1893a, b). 

Examples 10, 11. Andrews (1970). 

Example 12. Andrews (1974). 

Examples 13-15 are due to F. Franklin and appear in Sylvester (1882-1884). 

Example 16. MacMahon (1913, 1915-1916). 

Examples 18-19. Stanley (1972, Section 24). In Section 23 of Stanley’s 
memoir, he considers stacks and V-partitions, and these objects also give 
rise to identities related to Corollary 2.3. 
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CHAPTER 4 


Compositions and Simon Newcomb’'s 


Problem 


4.1 Introduction 


The first three chapters treated elementary properties of partitions. Com posi- 
tions are merely partitions in which the order of the summands is considered. 
For example, there are five partitions of 4: (4), (13), (22), (172), (14); there 
are cight compositions of 4: (4), (13), (31), (22), (112), (121), (211), (LIND). 
We shall find that compositions of rectors (or compositions of multipartite 
numbers) also have intrinsic interest and important applications, especially 
to permutation problems of the Simon Newcomb type. 


4.2 Compositions of Numbers 


DEFINITION 4.1, We let c(i, 1) denote the number of compositions of n with 
exactly m parts. 


THEOREM 4.] 


—1 = 
e(m, nn) = (’ ) m Dt 


m1) (nm - Din — my! , 


First proof of Theorem 4.1. The argument used to prove Theorem 1.1 
may be easily adapted to show that 


foe) 


> cin, nq" = (q + q? + q° + q* +-°°)" 
n=0 


oe 
(Il — q)" 


ofr tim — 1 
| 


r 


“x f{n—| ofin-l 
=e (; 7 a = fe u ) q”. (4.2.1) 
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Ja (by the binomial series) 
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Comparing coefficients of q” in the extremes of (4.2.1), we obtain the desired 
result. (=| 


Second proof of Theorem 4.1. We introduce a graphical representation 
for the compositions of n. To the composition (a,a,°--a,,) of n we associate 
m segments of the interval [0, n]; the first segment is of length a,, the second 
of length a2, and so on. Thus the composition (3 2 3 1 2) of 11 is represented 
as 


¢—__+—_+ —-}(___»__{—__2» +» —__{_}@_-+_+j 
o !t 23 4 5 6 7 8 9 10 1 


We now observe that we may construct each of the c(m, n) compositions 
of n with m parts by choosing m — | of the first n — 1 integers as end points 
for the m segments dividing [0, n]. Since these choices can be made in (77 } 
ways, we see that 


n-1 
com n) = (" ) | 


DEFINITION 4.2. We let c(N, M, n) denote the number of compositions of 
n with exactly M parts, each < N. 


Clearly c(N, M, n) = c(M, n) whenever N > n. 
Interestingly enough, c(N, M, n) possesses symmetry properties resembling 
those described in Theorem 3.10 for p(N, M, n). 


THEOREM 4.2. For all N, M,n > 1 
c(N, M, n) = c(N, M, MN + M —n); (4.2.2) 
c(N, M,n) — c(N, M,n— 1) 20 for 0<n<M(N 41/2. (4.2.3) 


Proof. Following the argument in the first proof of Theorem 3.1, we see 
directly that 


YAN, M, nq" =(q+q?4-°°+ qh! 


nzo 
=(0+q+q@ tees pt gh 4 O-ghtly™, 


Thus }\,59 c(N, M, n)q” is a product of M unimodal, reciprocal polynomials 
with nonnegative coefficients (the leading coefficient was not necessarily 
assumed to be nonzero); hence, by repeated application of Theorem 3.9, 
Daze e(N, M, n)q” is a unimodal reciprocal polynomial with nonnegative 
coefficients. Equations (4.2.2) and (4.2.3) follow at once from this fact. 
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The simplicity of Theorem 4.1 allows us to obtain sharp asymptotic 
estimates for certain partition functions by relating them to composition 
functions, This approach is due to H. Gupta (19-42). 

Ditinition 4.3, Let py) denote the number of partitions of mn with 
exactly M parts. 

Clearly ae Pal) = p(n), and p(n, Mn) — p(n, Mo — 1, 2) = pan). 


Throrem 4.3 (Erd6s-Lehner). As n > 09 


1 fr-l 
Paul) ~ vai yg | 


provided that M = a(n"). 


Proof. To each partition of n with exactly Af parts we may associate the 
set of compositions of n made up of the same parts. There are M! such 
compositions if all the parts in the partition are distinct; otherwise there are 
less. Hlence 

M! pa) > c(M, ny) 
or 


l | fnu-l 
2 hd, = re 2. 
Pa) ap! n) Lie = ) (4.2.4) 


On the other hand, if q(t) denotes the number of partitions of n with M 
parts all distinct, then 


Gut + SMM — 1)) = pa). (4.2.5) 
The truth of (4.2.5) may be seen by the correspondence 
(A, + M — 1,4, + M — 2,4, + M ~ 3,..., Any) (Ay, Ap... Am) 


where A, > A, >--° > Ay and ) A; =n. 

Now each partition enumerated by q,,() corresponds to exactly M! 
compositions under the association described in the first paragraph of this 
proof, Therefore 

Milqy(a) < c(M, 1). 
Hence 
Put) = Qylt + 3M(M — 1)) 


l 
M! 


1 fr + iM(M—I1)-1 
~ M! M — j 


c(M,n + 1M(M — 1)) 


IN 


(4.2.6) 


4.3 Vector Compositions 57 


Combining (4.2.4) and (4.2.6), we see that 


Pu(n) —— (n + 4M(M — I) — 1)(n—M)! 
LS fa_1\ @- Die + IMM >)! 
mG ) 


_T(n—M + Ir(n + $M(M — 1) 
I(n)I'(n + 4M(M — 3) + 1) 


~nM*"(n + 3M(M ~ 1))M~' (provided M = o(n'/?)) 
=(14 wc — 9)" 
n 


= exp {cx — 1) los| F mim — 


= _ 133 
= exp | ME 7%. ow vy 


and this last expression approaches | as n > 00 provided M = o(n'*). 


It is reasonably clear that numerous asymptotic questions for partition 
functions may be attacked by devices similar to those utilized above. 


4.3 Vector Compositions 


The title of this section would have been ‘Compositions of Multipartite 
Numbers” if it had been chosen by P. A. MacMahon; however, the title 
“Vector Compositious” is more self-explanatory and reflects more recent 
usage. The vectors we shall consider will just be ordered r-tuples of nonnegative 
integers not all of which are zero. 


DEFINITION 4.4. a. partition of (a4, a2,...,%,) IS a set of vectors 
(B,,...,B,), | < i < s (order disregarded), sich that Ys Bs BOVE 
(a1, %,-.., a) ee as explained earlier all vectors have nonnegative integral 
coordinates not all zero). If the order of the parts is taken into account, we 
call (8,"?,..., B,),..., (B,,..., B,) a composition of (a,..., &,). 


Derinition 4.5. We let P_(o,, %2,..., &,; m1) denote the number of partitions 
of (a1, %2,...,4,) with m parts, and we let c(a,, %,...,a,; m) denote the 
number of compositions of (a,, «2,..., %,) with m parts. 


Thus P.(2, 1, 1; 2) = 5, since there are five partitions of (2, 1, 1) into two 
parts: (2, 1,0)(0,0, 1), (2, 0, 1)(0, 1,0), (2, 0,0)(0, 1, 1), (1, 1, 0)CL, 9, 1), 
(1, 1, 1)(1, 0 0); c(2, 1, 1; 2) = 10 since each of the five partitions produces 
two comp, ons. 
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DEFINITION 4.6. We let P(a,,..., &,) (respectively c(a,,..., «,)) denote the 
total number of partitions (respectively compositions) of (a,, a2,..., &,)- 
For later convenience we define c(0, 0,...,0) = 3. 


Notethat) >, P=(a1,...,%,3nt) = P(a,,...,0,),and \m> 1 C(4,..., 0,57) = 
C(O... «5 &,)- 


THEOREM 4.4 


1 
“4 —1)0 —t):--( —t)—-2 (4.3.1) 


Proof. We begin by observing that for m > 1, 


Y (ol (Cp 29 | Oa 
0 


Biy..y Ce 


YS cary... 5 aye +t, 
Bi gees a, 20 
not all zero 


= >» t,7 oe tor = 
@1,...,4-20 
not all zero 


l- = 
= Cee errr ae a9 
Hence 
» Cyan 
Oy ,-..,8-20 
=4$+ y Yi c(oa.  ,5 rE +t, 
me eral eas 
274 3 ( DS Be otal 3 5 1) 
m=1 \(l — t,)(l — t,)---(l — ¢,) 
_ 1 eee | 
op 2 Ot oe 
=f 
ia (1 — #01 — #2) -— 4) 
_ [-(l—1#,)U — #,)°--( — t,) 
oS a= at = ad = 
ee, eee 
© A= 1) -— 4) 4) - 17 
as desired. | 


Now Eq. (4.3.2) provides a means for obtaining a reasonably simple formula 
for c(a,,..., 0,3 m). 
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THEOREM 4.5. For m > 0, 


COs. . +, 3 mM) = we v(")(™ ti b= ' 
i=0 1 oy 


a +m-—i-tl “o+m—i-1 
| a ). ass 


2 a, 
Proof. By Eq. (4.3.2) (assuming c(0,..., 0; m) = 0) 


x i CAPE 7) Lt ee ae 


Bi yer FO 


“(arsiema=y-') 
“N= 4 byt) 


Il 
ipa 


m 
x, \ 1) ‘ad ae} via —t ym 76 = 8 


P a +m—i-1 he t+m—i-l|\ | 
Seve er ee 


El Ee oT) 


a+m—-—i-t 
: ( ) tp t,2r, (4.3.4) 


a, 


ll 
iM 


Comparing coefficients of t,*'t27?- --t,"" in the extremes of (4.3.4), we obtain 
the desired result. ial 


As an example of Theorem 4.5, we note that 


cesta =()(()- (EMD) + ()() 


3-2-2 — 2:1-1-1 + 0-0-0 = 10. 


4.4 Simon Newcomb’s Problem 


The problem we shall treat now is one that P. A. MacMahon solved neatly 
and completely in 1907. The problem and its history were succinctly described 
by MacMahon in Combinatory Analysis, Vol. 1 (1915, p. 187): 


The problem was suggested to the late Professor Newcomb by a game of 
“patience”? played with ordinary playing cards which he found to be a 
recreation in the few hours that he could spare from astronomical work. It 
may be stated as follows: 
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A pack of cards of any specification is taken—say there are m, cards 
marked 1, m, cards 2, m, cards 3, and so on—and being shuffled is dealt 
out on a table; so long as the cards that appear have numbers that are in 
ascending order of magnitude, equality of number counted as ascending 
order, they are placed together in one pack, but directly as the ascending 
order is broken a fresh pack is commenced and so on until all the cards have 
been dealt. The probability that there will result exactly m packs or at most 
m packs is required. 


We may easily translate this problem into one involving permutations of a 
multiset: 


DEFINITION 4.7. Let N(m,, m,..., m,3; 2) denote the number of permuta- 
tions of {12"---r™} with exactly nm runs (a run in the permutation 
6162 * Sm, 4---+m, 1S a Maximal subsequence of the form €; < €;,, < €j,2< 
aS Sj-1 < gj). 


We shall have the answer to Simon Newcomb’s problem if we can find a 
closed expression for N(im,, mtz,..., m,3 7). 


LEMMA 4.6. Each of the following relations implies the other: 


n-1 hae + j 

wey ( : ’ Bex forall n>1; (44.0) 
j=0 I 
a-1 — + j | 

b= ¥ (’ 7 ‘Vi Iva,-; forall n>l. (4.4.2) 
j=0 


Proof. We begin by observing that we need only show that (4.4.2) always 
implies (4.4.1), since once this assertion is established the reverse implication 
follows by considering b,’ = (— 1)"b, and a,’ = (— 1)"a,. 

Now assuming (4.4.2), we see that 


ml fr-nt+j mi fr—-ntjf\ st fr-n+j+k 
E ( . )ons= ( : Py ( (- I)*a,—j-n 
s=0 J J=0 J k 


oes, (ace hs 
j k 


av r—-n+j\fr—-nth 
Be ETC eo 
h=0 frmee Jj k 


ey ae yy (" —r- ' i —nt+ i 


h-j 


) (- 1)a,- je 
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ac h-1 
a, + = an — vr 
h=1 h 
(by the Chu-Vandermonde summation; i.e., (3.3.10) 
with q = 1) 
— Ans 


as desired. | 


LEMMA 4.7 


mol fo, ta, too: ta,—-nt+i 
C(O 1, H2,-- +5 OS n) = ¥ ( : , : 
j=0 Jj 


) Man. +15 3M — js 
(4.4.3) 


Proof. The identity (4.4.3) is easily established once we provide appropriate 
alternative combinatorial interpretations for 


C(a,, %2,...,0,;m) and N(a,, a2,..., 0,3”). 


First we see that c(a,,...,a,; m) enumerates the number of ways that a, 
balls labeled 1, «, balls labeled 2, ..., a, balls labeled r may be distributed 
among n labeled boxes so that no box is empty. To see this we note that the 
composition 


(B,,. oer BP B,™,. Ber B,)- 7 -(B,,. es By) 


of (a,,...,,) Corresponds to the distribution that places exactly B;” balls 
labeled i in the jth box. 
A very similar interpretation can be given to N(a,,...,a,; 7). Indeed the 


jth run in a permutation may be viewed as specifying the elements to be 
placed in the jth box. It is important to note that the function N(a,,..., %,; 1) 
does not enumerate all possible distributions (as does c(a,,...,a,;n)), but 
only those for which the smallest element in each box is strictly smaller than 
the largest element in the preceding box. Therefore to each permutation 
enumerated by N(a,,..., %,; 1 — j) we may associate a unique set of distribu- 
tions enumerated by c(«,,...,«,;) as follows: First place a vertical line 
between each of the n — j runs in the given permutation. There are now 
% +a, +---+a,—(n —j ~— 1)—1 pairs €,€;,, that have no vertical bar 
between them; place a vertical bar between j of these pairs and we have a 
distribution of «, ones, «2, twos, and so on, into n labeled nonempty boxes. 
Since the final set of j vertical bars may be placed in 


e Hoag toot oy — es) 
j 
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ways, we see that exactly this many of the distributions enumerated by 
C(@4,...,%3) Correspond to a_ single permutation enumerated by 
N(a,,...,%3; — jf). Hence 


" fate ta,—n tj aa 
C(4,-- +, %} n=) ( ; ‘ ") Neder tein =) 
j=0 J 
as desired. a 
THEOREM 4.8. For n > 0, 
N(a,...,%,3 2) 
n-1 afes 1 = l <= + = 1 <s 
Te (* teoota +t as ‘(" 2 ‘ 
s=0 5 oy %2 
n+a,-ILI-—s 
. 2 : (4.4.4) 


Proof. By applying Lemma 4.6 to Eq. (4.4.3), we see that 


N(ay,..-, 4,3 1) 


ve iy (* tec: a —n *) la. 250,50 — j) 
j=0 

=F (" is NIC (" | 
j=0 I i=0 i 


a+tn—-j-i-| a+n—j—-—i-l 
x vee (by Theorem 4.5) 


ay a, 
n 2321 See Sg54 
ie vs a 5 en 5 ion 5 ) 
= Oy a, a, 
% t+ a, —ntj\(n-j 
x ( ? ‘Vi ‘) (4.4.5) 
i+tj=s Jj t 
i> 0,720 
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s—-A-—2 
=(- y( : (by (3.3.9) with q = 1) 


A+l 
a : (4.4.6) 
s 
Consequently, applying (4.4.6) to (4.4.5), we obtain (4.4.4). & 


Examples 


1. Let F, be the nth Fibonacci number: Fy = 0, F, = 1, F, = F,-1 + Fy~2 
for n > 1. The number of compositions of n in which no 1’s appear is F,,_ 1. 
2. More generally, let ,F,, be defined by ,Fyp =--° = ,F,y-. = 0,4F,-, = 1, 
and ,F, = ,F,~1 + 4F,-». The number of compositions of n in which all 
parts are > k is equal to ,F,_,. 
3. Example 2 implies that there are 2"~' compositions of n. 
4. Let c,(m, n) denote the number of compositions of n into exactly m 
parts, each > k. Then 
n-—(k—1)m-1 
om, n=( oe ). 


5. Examples 2 and 4 imply that 


y (" — (k — 1m - ' opie, 


m—1 
6. Let us say (m,,...,m,) is of real dimension h if m, 4 0, m,,, = 0, 
...,M, = 0. Then the total number of all compositions of all vectors 
(B,,..., B,) with 0 < B; < a; in which exactly h, parts have real dimension 


Beyer 


Ot thy tec th, a, +h, 
me a O14 : 


7. Example 6 implies that 


¥ 7 Op\ (e+ hy +o°+ +h, 
C(o1,- + +5) = al Cr) ir) ( ae 


hp 20 


a thy teth, a1 +h, 
‘ a Op 4 , 
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8. The Long operator L; is a linear operator on polynomials in x; over the 
reals: 


a: 
L:x* = : . 
o (apie eee) 


One can prove by induction on j that 


7 ; a+ i 
Lix; (U1 + x)’) = Gp eK, 
+ r 


9. If the polynomial 


gant il {xpXo°°Xs-, CL + xl + x2)°° (+ x;-1)}* 
i=2 


is fully expanded and then each x,“ is replaced by 


aun dec 
Cis 2 Op. k , 
the result is c(a,,..., o,). 
The foregoing assertion is merely that 
C(O, 5%) = LyLy--°L,_ 27" I] {x pX2° 5° Xya 
i=2 


+ (1 + xl + x2)°- (1 + x,~1)}* 
We prove this through the expansion of each factor by the binomial theorem 
and then invoking Example 8 to reduce the identity to Example 7. 


10. By expanding (1 + x,)/ through the binomial theorem, we may deduce 
the Chu-Vandermonde (Eq. (3.3.10) when g = 1) summation from Example 8. 


baci oleae) ees ee) 
so\S/ \tisa toot — ks] Noi Hoot ey — kp 


11. The case of qg = 1 of Eq. (3.3.11) can be deduced easily through the 
use of Long operators. We write the desired result equivalently as 


we m+p\/p+yvetr t+v\/{v 
po\r/\n—r]\mtnt+v) \pt+m/\n/ 


If we consider linear operators L, and L,, defined by 


n uH+yY 
Le=(,"_), HOH: gah 


then Example 8 implies that 
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n+t 


h+vt+u 
Li'l + 9) = (" ) 


and Lo += (ee 


=k 


From here it follows that 


1g (")(" Ne tv ") LiL (C+ Ml + x1 + yy" 


rz0o\r/\n—r/\mint+p 


= L,L((1 + x" + xy + x79”) 


al w+y as) 
~ pso\i/\mtnt+p-j n-j 
uty m\ {vy —m 
as es 0 te 
H+v\/yv 
-( )(’) (by Example 10). 


Notes 


The material in this chapter is primarily an extended and modernized 
version of portions of P. A. MacMahon’s (1894, 1908) work on compositions 
(see also Section IV of MacMahon, 1915). Theorem 4.2 is due to Z. Star 
(1976; see also Andrews, 1975a), who also obtains nice asymptotic formulas 
for the c(N, M,n). Theorem 4.3 is due to P. Erdés and J. Lehner (1941); 
the proof we present is by H. Gupta (1942). 

Work on vector compositions and the Simon Newcomb problem has been 
extensive in recent years. The papers listed in the references by Carlitz, Dillon, 
Foata, Kreweras, Roselle and Schiitzenberger provide some of the primary 
references. We should also point out that the (P, w)-partitions of R. P. Stanley 
are applicable to compositions and Simon Newcomb type problems (see 
Stanley, 1972, Section 25). Some of the papers reviewed in Section P80 of 
LeVeque (1964) concern compositions. 

Example 1. Cayley (1876). 

Examples 6-10. Long (1970), Andrews (1975b, 1976a, b). 
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CHAPTER 5 


The Hardy-Ramanujan-Rademacher 
Expansion of p(n) 


5.1 Introduction 


Having seen many elementary properties of partitions and compositions 
and having seen an elementary asymptotic formula for pyg(n) (Theorem 4.3), 
we now move to one of the crowning achievements in the theory of partitions: 
the exact formula for p(n), an achievement undertaken and mostly completed 
by G. H. Hardy and S. Ramanujan and fully completed and perfected by 
H. Rademacher. 

The story of the Hardy and Ramanujan collaboration on this formula is 
an amazing one, and is perhaps best told by J. E. Littlewood in his fascinating 
review of the Collected Papers of Srinivasa Ramanujan in the Mathematical 
Gazette, Vol. 14 (1929, pp. 427-428): 


I must say something finally of the paper on partitions ... written jointly 
with Hardy. The number p(n) of the partitions of n increases rapidly with n, 
thus: 


p(200) = 3972999029388. 


The authors show that p(n) is the integer nearest 


qA COV (nr), 1) 
where A,(n) = Ss atin as the sum being over p's prime to q and less than 
it, @,,, is a certain 24qth root of unity, v is of the order of \/n, and 


18s aoe 


We may take v = 4 when n = 100. For n = 200 we may take v = 5; 
five terms of the series (1) predict the correct value of p(200). We may always 
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take v = a,/n (or rather its integral part), where a is any positive constant 
we please, provided n exceeds a value ng(a) depending only on a. 

The reader does not need to be told that this is a very astonishing theorem, 
and he will readily believe that the methods by which it was established 
involve a new and important principle, which has been found very fruitful 
in other fields. The story of the theorem is a romantic one. (To do it justice 
I must infringe a little the rules about collaboration. I therefore add that 
Prof. Hardy confirms and permits my statements of bare fact.) One of 
Ramanujan’s Indian conjectures was that the first term of (1) was a very 
good approximation to p(n); this was established without great difficulty. 
At this stage the n — (1/24) was represented by a plain n—the distinction 
is irrelevant. From this point the real attack begins. The next step in develop- 
ment, not a very great one, was to treat (1) as an “asymptotic” series, of 
which a fixed number of terms (e.g. v = 4) were to be taken, the error being 
of the order of the next term. But from now to the very end Ramanujan 
always insisted that much more was true than had been established: ‘‘there 
must be a formula with error O(1).” This was his most important contribu- 
tion; it was both absolutely essential and most extraordinary. A severe 
numerical test was now made, which elicited the astonishing facts about p(100) 
and p(200). Then v was made a function of n; this was a very great step, and 
involved new and deep function-theory methods that Ramanujan obviously 
could not have discovered by himself. The complete theorem thus emerged. 
But the solution of the final difficulty was probably impossible without one 
more contribution from Ramanujan, this time a perfectly characteristic one. 
As if its analytical difficulties were not enough, the theorem was entrenched 
also behind almost impregnable defences of a purely formal kind. The form 
of the function w,() is a kind of indivisible unit; among many asymptot- 
ically equivalent forms it is essential to select exactly the right one. Unless 
this is done at the outset, and the — 1/24 (to say nothing of the d/dn) is an 
extraordinary stroke of formal genius, the complete result can never come 
into the picture at all. There is, indeed, a touch of real mystery. If only we 
knew there was a formula with error O(1), we might be forced, by slow stages, 
to the correct form of y,. But why was Ramanujan so certain there was one? 
Theoretical insight, to be the explanation, had to be of an order hardly to 
be credited. Yet it is hard to see what numerical instances could have been 
available to suggest so strong a result. And unless the form of /, was known 
already, no numerical evidence could suggest anything of the’ kind — there 
seems no escape, at least, from the conclusion that the discovery of the correct 
form was a single stroke of insight. We owe the theorem to a singularly 
happy collaboration of two men, of quite unlike gifts, in which each contrib- 
uted the best, most characteristic, and most fortunate work that was in him. 
Ramanuyjan’s genius did have this one opportunity worthy of it. 


The formula that we shall prove is in the final form obtained by Rademacher: 
THEOREM 5.1 


sinh (/kX A(x ~ 1/24)) 


as (= 1/248 ae (5.1.1) 


Wn) = A,(n)kt 
a. 2 
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where 


A,(n) = y wpper 


hmodk 
(hk) =1 


with w,, a certain 24kth root of unity defined in Section 5.2. 


This unbelievable identity wherein the left-hand side is the humble arithmetic 
function p(n) and the right-hand side is an infinite series involving x, square 
roots, complex roots of unity, and derivatives of hyperbolic functions provides 
not only a theoretical formula for p(n) but also a formula which admits 
relatively rapid computation. 

For example, p(200) = 3972999029388, while if we compute the first eight 
terms of the series in (1) we find that the result is 


+ 3,972,998,993,185.896 
+ 36,282.978 
— 87.555 

+ 5.147 

+ 1.424 

+ 0.071 

+ 0.000 

+ 0.043 


3,972,999,029,388.004 


which is the correct value of p(n) within 0.004. It is a simple matter to determine 
explicitly the error when the infinite series is truncated, so we can determine 
with certainty values of p(n) directly from (5.1.1). For small values of n we 
can, of course, obtain p(n) via the recurrence given in Corollary 1.8. 

Furthermore it is a simple matter to show that each term of the infinite 
series in (5.1.1) is O(exp[x(2n)'/7/k,/3]). Consequently the term k = | 
provides an asymptotic formula for p(n), and if we note that A,(n) = 1, we 
see without much trouble that as n > 00 


2n\3 
ae eee ; 1.2 
see radel) ee 


The truth of (5.1.1) is intimately tied to the fact that 


exp(zit/12) 
24 P(n) exp(2zint) 


n(t) = exe (Tp 7) L Il [1 — exp(2zimt)] = 


is actually a modular form. In order to prove (5.1.1) we must make use of 
very fundamental properties of y(t), in particular its behavior under trans- 
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formations of the modular group: t — (at + b)/(ct + d), ad — be = 1. 
A totally complete proof of (5.1.1) would now require at least two further 
chapters for this book ; one in which the modular group and its basic properties 
were fully developed (see Knopp, 1970, Chapter 1, or LeVeque, 1956, 
Chapter 1), and a second in which the fundamental transformation formulas 
for y(t) are derived (see Knopp, 1970, Chapter 3). Such a project would take 
us well afield from partitions, and so at the beginning of Section 5.2 we shall 
state the necessary transformation formula. 


5.2 The Formula for p(n) 


Instead of using the transformation for y(t) explicitly, we shall utilize an 
equivalent result that will be most suited to our purposes. Namely, we let 


PCa) = ¥ plnda" = Ta = 4’), (5.2.1) 
then 
Plexp(2ni(h + iz)/k)) 
= @, 42 exp[a(z7! — z)/12k] Plexp[2ni(h’ + iz~)/k]); (5.2.2) 


here Re z > 0, the principal branch of z? is selected, h’ is a solution of the 
congruence 


hh’ = — 1(mod bh), (5.2.3) 


and @,, is a 24kth root of unity given by 


=k 
ia) exp(— mi(f(2 — hk — h) + (k — k74\(2h — h’ + hh’) 


if h odd, 
O, 4 = 


(2) exp(— mi(d(k — 1) + &(k — k7')Qh — h’ + h?h’)) 
if k odd, 
(5.2.4) 


with (a/b) the Legendre-Jacobi symbol. See Knopp (1970, Chapter 3) or 
Rademacher (1973, Chapter 9) for a proof of (5.2.2); there is a proof of 
(5.2.2) due to B. Berndt that is sketched in Examples 6-17 at the end of this 
chapter. 

In passing we mention the elegant representation of Rademacher for @, ,: 


4 = exp(zis(h, k)) (5.2.5) 
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where s(h, k) is the Dedekind sum: 


k-1 } } 
oo EEL aE [Ea 620 


Now we come to the truly remarkable approach to the evaluation of p(n) 
that was developed by Hardy and Ramanujan. Clearly Cauchy’s integral 
theorem implies that 


p(n) = leet dx (5.2.7) 
Cc 


where, say, C is a circle centered on the origin and inside the unit circle: 
|x| = 1. How can we evaluate this integral? By examining the generating 


function P(x) = [[@, (1 — x")7', we see that each partial product 
N_, (1 ~ x")~' has a pole of order N at x = 1, a pole of order [N/2] at 
x = — |, poles of order [N/3] at x = exp(2zi/3) and exp(47i/3), and so on. 


Furthermore, we note that (5.2.2) gives us extremely good information on the 
behavior of P(x) near exp(2zih/k), namely, as z > 0(Rez > 0): 
. : a eA 
Plexp (2% - 2") ~ Wy 42* exp" ~ J : (5.2.8) 
Clearly then we should divide the circle of integration into segments so 
that our knowledge from (5.2.8) may be most powerfully applied, depending 
on which “rational point” exp(27ih/k) we are near (if & is rational, we shall 
call exp(2zia) a rational point of the unit circle). Unfortunately, the rational 
points are dense on the unit circle and so the preceding prescription is not 
exactly helpful. To gain some idea of how to make this approach effective, 
we recall that the points exp(22ih/k) where k is small seem to be the most 
important of the singularities; hence instead of worrying about the dense set 
of all rational points, we restrict our attention to the discrete set of those 
rational points exp(2zih/k) with 0 < k < N, a fixed positive integer. Thus 
we are interested in Fy: the set of proper Farey fractions of order N. For 
example, when N = 5, 


F, = {0, , 4, 4,2, i, - 5, 2, ei 1}. 


Seeing the Farey fractions arise in this natural manner, we surmise that we 
should divide our circle C of radius p into segments so that each segment 
is in some sense “centered” on the successive rational points pe?*"*/* where 
h/k € Fy. We must now rely on the elementary properties of Fy to suggest 
the optimal choice of intervais. As is well known (and easily proved), if h/k 
and h,/k, are successive terms in Fy, then ~ > rational number with least 
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denominator lying strictly between h/k and h,/k, is (h + h,)/(k + k,) and 
this number is called the mediant of h/k and h,/k,. Thus using the mediants 
as the end points for our intervals seems a natural dissection of C. Now if 
ho/ko, h/k, h,/k, are three successive terms in Fy, let us write 


901 = wai} 
a= p- pty for h>O, 
Os iz < f es + (5.2.9) 
Then clearly 
p(n) = x | a dx 
c 


| P[p exp(2nid)] exp(— 2ning) dd 
0 


Bak 


| P E exp ee + 2ni6)| exp (- rink - 2ning) dd. 


ll 
> 

7 
Maz 


(5.2.10) 


All that awaits now before the application of (5.2.2) is an appropriate choice 
of p; we could leave the matter indefinite and choose p as well as possible 
when compelled to do so. However, for simplicity we shall make the “right” 
choice immediately : 


= exp — 5): (5.2.11) 


and shall content ourselves with subsequent observations on the necessity 
of this choice. Hence 


p(n) = exp 3) ye exp ( - atte) 


k=1 
(A, k)=1 
O<h<k 


x | Plexp [Pa - 72 = itd)|} exe 2ning)dd; (5.2.12) 
> 
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thus to apply (5.2.2) we must define 
z= k(N~? — id). (5.2.13) 


Consequently, applying (5.2.2) to the integrand in (5.2.12), we find that 


2an\ & 2nihn 
p(n) = exp N2 Y exp(— =: ad eae 


k=1 
(Akl 
O<h<k 
an 
a , eae ¢ 
x ziexp Fae 2 Pyexp rT ee ia exp(— 2nind) dd. 
1K i 
Se 


(5.2.14) 


Now as z — 0 with Re z > 0, we see that exp[2xi(h’ + iz~')/k] > 0 rapidly. 
Therefore the obvious way to evaluate (5.2.14) is to replace in the integrand 
P(x) by 1 + (P(x) — 1). Hence 


8 


2nn 2nihn (z7'—2z) : 
= ? SeB es 4 eee gts Sate 
p(n) exp (32 pe exp( k Joon | z exp] {2k 2ning |dd 
(hk)= 1 : 
O<h<k —8, 
6 
2nn 2nihn Y=57) 
+ exo( 777] 2 exp (- zat hk | exp] x roe | 
(hky= 1 
O<h<k ~6 


x (> [ex ae ae) = 1}exe(- 2ning) dd = 2, + 2. 
(5.2.15) 


It is our natural expectation that 2, will contribute our principal estimate for 
p(n) and that the contribution of 2, will be negligible. We undertake our long 
analysis of (5.2.15) by proving that 2, is indeed negligible: First (recalling 
that z = kN~? — ik@), 


ztexp f ae 3] (> fex janie] = t) 


< alexp(— ont) oy Hm) exp| — 2n Ree) ("= M28). (5.2.16) 
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Now 


dien> +244 No? +i 


z  KN72—ikp k(N-* + 62). 


From (5.2.9) it is immediate that each of 0,, and @,, satisfies 1/2kN < 

6, < 1/kN, and since — 0,, < ¢ < 0, ,, we see that 
ee ee 

kN744 67) k7N744N7? 14+k?N7? 


 Relz"') = >. (5.2.17) 


Also 
[z|* = (k7N~* + k??)? < (k7N7* + N77)* < 24*N7#, (5.2.18) 


Hence by (5.2.16), (5.2.17), and (5.2.18) we have the following estimate for 2,: 


x 


a [18 
-_o_ 
= 
= 
fa} 

Eel 
3 

Sa 
a 

rs 
= 

aie 

— 
baa 
a 


< CN7! exp i (5.2.19) 


This estimate suffices for our purposes, since N~* exp(2nnN~?) > 0 as 
N — oo for fixed n. 

We now handle 2,, the main term in Eq. (5.2.15). Here we shall show that 
the integral is the most significant portion of a Hankel-type loop integral. 
Once we establish this fact (Eq. (5.2.26)), it will then be a simple matter to 
complete our evaluation of p(n). 

In the integral for Z, (see (5.2.15)) we set wo = N~? — ig, and thus the 
integral becomes 
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N-2- 10," 
= -ay)t Bet Ne 2.9: _ ny-2)|; 
laa = | (kw)? exp Bar ko) + 2anto N )| ide 
N-24i0) | 
N-24i0) 
es 2s -2) p4j-1 4 oe ss 
exp(— 2mnN~*) hii | o exp| tig [er x(n 54) | de 
No? 0" 
N-2~ 10)", 
= exp(— 2nnN7)kii7! | g(w) dw, (5.2.20) 
N-2410, | 
where 


(w) = wie 2n jin Gy ae 
ROY TEAR 24 12k2w 


The integrand of this last integral is single valued and analytic in the complex 
w-plane cut along the entire negative real axis. Hence we may write (invoking 
Cauchy's theorem): 


ki 
exp(2anN~?)I, 4 = ( -|- _ 
eons a 
~et 8, me ~ 20 
ie | = | ~ | cor do (5.2.21) 
N-24i0 ~e +10), =A 


where the integral [(°*? is the loop integral along the contour ¥ in Fig. 5.1. 
We assume 0 < ¢ < N~? and we shall mostly be interested in what happens 
as c > 0. For brevity, we rewrite (5.2.21) as 


exp(2anN~*)I,, = KYET'{L, -— 1, — 1, — 13 — Tg — 15 — I} (5.2.22) 


and our next task is to show that each of the four integrals /,, 1, 1,, and I, 


is negligible: 
n 1 ! 
12k Re( - ‘a)| a8 |- 2n(n 7 a) | Heh 


~ Ok 


[In| < | (e? + v?)* exp 
a 
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w-plane 


Figure 5.1 


But Re[(— ¢ + iv)~'] = — e/(e? + v”) < 0, and so 
2 2\t9"' 2 1 cal —3/2n7- 3/2 
[Ea] < (6? + Ox )POn a < [e + jay? in * 2n-3/ as e—>0. 
(5.2.23) 


Integral I, is treated in exactly the same way and (5.2.23) is also valid with 
I, replaced by I,. As for I, 
N72 


3 nt 1 1 
[Is] < u? + 0,4)* ex Re )}exp }2x[{n — —)u} du. 
j SEY ay eoga|ee 24 


Now 


u N7? 
ut + Og) S07 <" 
+ On) hk 


1 wa!’ \- 
ye Re [(u — i6;,5) = 


Hence 


UL < (N~* + 64,0) exp (3) exp (2) (e+N~?) 
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2 
<(N74 4 kN texp (2 4 a Je + N72) 


< (e+ N-DANFexp( Z + 2 


SS 2A SP exp © 2 222 as e0 (5.2.24) 


and the final inequality in (5.2.24) is also easily seen to hold with I, replaced 
by I. 
The integrals /, and /, are not negligible; however, 


~- I 
l,+1,= | Jlul exp New| ats + 2n(n - a) au 


az i | 
+ | Jul exp (Jew ne + 2n(n - 34) 


@ 


] nt 
= —2j\ 73 = Ssyess bye ena 
2i|1 | 2n(n x) an dt 


= — 2iM,. (5.2.25) 


Hence, letting ¢ > 0 in (5.2.22), we may simplify that equation to 


ki 
exp(2anN7)Iy = oe Ly + 2ktH, + O(k71N7 3/7) 4 olexp (725) w-e], 


(5.2.26) 


where the constants implied in the O terms are absolute. Consequently, writing 


4 
v,(n) = e L, + 2k*H,, (5.2.27) 


i 


we see from (5.2.15), (5.2.19), and (5.2.26) that 


Ppn)= Do jane exp - 2m) Wn) p+ olexp (7) n-] 
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= YAny,(n) + 0 [N-* exp (2)| + O(N~*). (5.2.28) 
k=1 


Now A,(n) is precisely as it appears in (5.1.1) and the error terms here are 
all + 0 as N - oo. Hence the final problem for us is to show that 


kt [ d sinh(n/k((x = 1/24] 2.29 
“ale (x — 1/24)# |. at 


We may do this fairly easily, assuming certain classical results about Hankel’s 
integral. First 


Wn) = 


7h = + «w? exp Ee + 2n(n x)o| dw 
(0+) 
ete | w? exp [x ( - 4) 4 2 Ls dw 
; (0+) 
= - _ oe | w*S exp [x ( = x) | dw 
= an ENN ae (42) fee dz 
sso S! 24 arly 


; 1 -3/2 [x(n as 1/24)/6k?]$ 
= (27) (nr - x) sos I(s — 1/2) 


where the final equation follows from Hankel’s loop integral formula for the 
reciprocal of the gamma function: 


atatee AS 
T(s—) 2ni 
Now 
I(s — 3) = (s — 3/2)(s — 5/2)---49(4) 
= 278+! qt(2s — 32s — 5)-- 3+. 


Hence 
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a 2 4 
arr 1 (enh ey 
s=o SIT (s — 3) a 2! 4! 6! 


y d y2rtt 
dY,£ 0 (2n + 2)! 


‘ee ge G eres, 
7 ae 


and so with ¥ = (x/k)(2/3(x — 1/24))*, we see that 


“3/2 4 d hYy-l 
L, = Qn)yt[a— - J— 1+ ¥? — ee ees 
i 24 28 dY Y ga 
a 3/2 
1 d {cosh Y 
_ 5-3/2,-1f,  # 2 osn Fr 
wren) [rary]. 
\ -3/2 
_ aig t(y— | J 2[ 4 (cosh Y a 
24 | dx Y jj; dx 


er | ee “7 13K? y3 cosh Y 
m "~ 24 “7? dx Y eon 


sat | d cosh((x/k)[3(x — 1/24)]') 
dx (n/k)[R(x — 1/24)]}* J, 


1 fd cosh((x/k)[3(x — een 


(5.2.30) 


\/2 |dx (x — 1/24)! 


Finally we treat the H, in (5.2.27) in a similar manner. We begin with a 
classical evaluation of a definite integral: 


[expt - et — att {ytntdt = 2 [ext c7u? — a*u~*) du = VF exp(— 2ac). 
é a 


Hence 


a0 
. 


| exp(— erat y)tdr= aed Cr Pa) (5.2.31) 
4 2e de c 
1H) 


and applying (5.2.31) to H, we see that 


dc f Ve 


H,= acess 


1 es exp[— ad 
4 Jan ee 1/24) c=(n—1/24)t 
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eh tl d exp[ — n(2/3)#(x — 1/24)*/k] 
7 Qn J? ti (x — 1/24)* 


Thus we obtain, from (5.2.27), (5.2.30), and (5.2.32), that 


kt fd cosh((n/k)[3(x — 1/24)]*) 
m2 \dx (x — 1/24) h.. 


kt / d exp{— (n/k)[%(x — 1/24)]*} 
n/2 ie. (x — 1/24)* 3 


nk {< sinh((x/k)[§(x — aa 
nj2\dx (x — 1/24)! a 


and since (5.2.33) is just (5.2.29), we see that Theorem 5.1 is established. Ij 


xn 


Wn) = 


(5.2.33) 


Examples 


1. The number of partitions of n into at most two parts (= p(‘‘{1, 2}, 7) 
by Theorem 1.4) may be shown to be [n/2] + 1 by examination of the 
decomposition of the generating function 

1 1/2 1/2 


(’—qgl—q) (1-4 (—4@?) 


2. The number of partitions of n into at most three parts (= p(‘‘{1, 2, 3}”, n) 
by Theorem 1.4) may be shown to be the nearest integer to (1/12\(n + 3)? 
by examination of the following decomposition of the generating function: 

l 1/6 1/4 1/4 1/3 
4, WA 


(=o —aKl—@) GaP =a a) = 9) 


We remark that Examples | and 2 are special cases of Cayley’s general 
decomposition: 


1 1 
GQ — gl —@)--— ee : 


[?12P23Ps- . -iPip, pz fe. p;! 


1 
x stot leks - a 
(1 — g)?s(1 — q?)P2-- (1 — q's 
where the summation runs over all partitions (17!2?22"3-- -i?') of i. We shall 
give this formula in Example | of Chapter 12 as a special case of results on 
Bell polynomials. 

3*. There are many modular functions besides n(z) that have transformation 
formulas like (5.2.2). Indeed it has been shown by Hagis and Subramanyasastri 
that if H is the set of integers = + a,, + ay,..., & a,(mod k), then there 
exists ar ~symptotic series expansion for p(‘‘H”, n) of the same form as that 
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given in Theorem 5.1. In fact, the same assertion is true of p(‘‘H”(< 1), n) 
as well. As an example of these results, we present the series for p(@, n) = 
p(@, n) (Corollary 1.2), which was found through different techniques by 
Hua, Iseki, and Hagis: 


ee — 2ninh 1 
WY, n)=n x(h, k) exp -- => - 7 (48n + 2); 
2 eons P k k(24n + 1)t a 12k 

kodd | (4,k)=1 


here 


(2/2)?"*! 
Li@y= Descaee 


and y(h, k) is the root of unity arising in the modular transformation formula 
for ),>0 PP, n)q” precisely the way «,, arises from (5.2.2). 

4*. Apart from the modular functions, there exists a class of functions 
called mock-theta functions (originally studied by S. Ramanujan and G. N. 
Watson) for which reasonable asymptotic series for the coefficients may be 
derived. For example, let 


ce) q” 
= 1 oe cnt era 
MO="* Lavo t ae 04 oF 


Then it can be shown that 


a, = 4 ¥ (— 1f*P714,,[n — 41 + (— DDKIEA(n — 1/24) # 
k=1 . 


x exp fe -(n — 1/24)! if + O(n‘) 


where A,(n) is the same as the exponential sum appearing after (5.1.1). 
Dragonette has pointed out the possibility that the error inyolved in the 
expression for a, may generally be less than $ in absolute value. In particular, 
the series at n = 100 is — 18520.206 while a,99 = — 18520, at n = 200 the 
series yields — 2660007.847 while ajo) = — 2660008. 
5. The proof of the result in Example 4 relies heavily on the fact that 


Y"q gn(3n+ 1) 


(-1 
(q)..f(q) =1+ aye ae 


This formula is due to Watson and is derived by techniques similar to those 
used in Section 7.2. 

Examples 6-17 sketch a proof of the modular transformation formula 
(5.2.2) for n(z) = e**/!?/P(e**!?), The following functions all play a role in 
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this development: 


G(z, s) = > (mz+n)* for —x<args<n, Imz>0, Res> 2; 
(m,n) #(0,0) 
Vz = (az + b){(cez + d) 
where a, b, c, d are integers with c > 0, and ad — bc = 1; 


g(z,s)= (mz +n)* 
Presb 


(the conditions for G(z, s) also apply to g(z, s)); 
h(z,s)= i (mz +n)* 
m>0O 


a>dm/c 


(with again the same conditions); 
I(s) = [unten du, Res >0 
i) 


(this is Euler’s integral representation of the gamma function); 
ao 
(s) = Vins, Res >1 
n=1 


(the Riemann zeta function); 


Azis) SD nk 2 ert, Imz > 0; 


maz 
H(z, s) = (1 + e**)A(z, 5); 


c | us 17 (ez +4) juje pljdjc}u 


L = 3 
ar {Se GPS =D) " 


where {x} = x — [x], with [x] the largest integer not exceeding x, and 
where @ is the following loop in the u plane oriented counterclockwise: 


€ 


6. It is easy to show that A(z, 0) = (ziz/12) — log n(z); we need only use 
the fact that log(1 — w)7' = }y2, w"/n. 
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7. (ez +d)G(Vz,s)=e7** PY (mztny s+ YO (mz+n) 5 
and indica ane Cage eG 


= G(z,s) +(e" ?** — 1)g(z, 5). 
8. g(z,s) = e™C(s) + e**h(z, 5). 
9. For Rez > — d/c, Imz > 0, 


T(s)h(z, s) = y fe ‘exp(— mzu — nu) du 
r) 


= y Jur exn(— (m’ + Izu —(n’ + 1 + [(m'd + d)/c])u)du 
r) 


m’,n’=0 


where m’ = m — 1 and n’ = n — [md/c] — 1, with [x] the greatest integer 
function. 

10. If in the second sum in Example 9 we replace n’ by n and set m’ = 
pe+j—10<p<o,1<j/<€c, then it follows that 


risyilz.s) = jun exp | Je a0 i 4 
0 


x > exp(— p(cz + d)u — nu) du 


pnzo 


3 A ue! exp(— (cz + d)juje + {jd/e}u) a 
© jes} {1 —exp(— (ez + du)}(exp(u) — 1) 


- y-t 5 | wl exp(— (cz + d)jule + {jd/c}u) 
= exeaeayien 2 At op ees Ou) =) 


11. Applying Example 10 to Example 8 and hence to Example 7, we find 
that for Res > 2, Rez > — d/c, Imz > 0, 


(cz + d)~*I(s)G(Vz, s) = [(s)G(z, s) — 2i sin msI(s)C(s) + e7"*L(z, s). 


12*. (The Lipschitz Summation Formula.) For Im z > 0 and Res > 1, 
5 -,_(~ 2ni)' one 
(n+z)S=--5-- ni leering, 
(s) wee 


13. It is possible to dissect the sum for G(z, s) as follows. 


Gzs)= Yi as+yY YY (mz¢ne+yY ¥. (mz +n)" 


n=—@ m<0O n=-@ m>O n=—@ 
n#0 


= (1 + e**){(s) + S, + Ss; 
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where by Example 12 
S, = e*(— 2ni)°A(z, s)/F(s), S; = (— 2ni)*A(z, s)/F(s). 
14. The result in Example 13 may be rewritten as 
G(z, s) = (1 + e**)&(s) + (1 + e*\(— 2ni)5A(z, 5)/F(s), 


which gives the analytic continuation of G(z, s) to the entire complex s plane. 
15. From Example 14 and the definition of H(z, s), it is possible to rewrite 
Example 11 in terms of H(z, s): 


(cz + d)~SH(Vz, s) = H(z, s) — e™(2ni) (cz + d)~*T(s\1 + e**)e(s) 
+ (2ni) (Ss) + e**)C(s) + (221) *L(z, 5). 

16*. The calculus of residues may be utilized to show that 

wet _ (cz +4) 

12c(cz + a) 12c 


where s(d, c) is given in Eq. (5.2.6). 
17. Setting s = 0 in Example 15 and applying Example 16, we may deduce 
that 


L(z, 0) = 2ni( + s(d, c) — i) 


log n(Vz) = log n(z) — 7 + }log(cz + d) — nis(d, c) + “It 2 


a result equivalent to (5.2.2). 


Notes 


The origin of this chapter is the epoch-making paper by Hardy and 
Ramanujan (1918). Our presentation follows closely Rademacher’s (1937) 
original exposition of this theorem. Subsequently, Rademacher (1943, 1973) 
refined the circle method using what are called Ford circles. Although this 
procedure is elegant and has been useful in later developments of modular 
function theory, we have chosen Rademacher’s original approach because 
it is easily adapted to problems concerning nonmodular generating functions 
(see Chapter 6). The books by Ayoub (1963), Hardy (1940), Knopp (1970), 
Lehner (1964), and Rademacher (1973) present excellent accounts of the role 
of modular functions in partition theory. Certain important contributions 
to partition asymptotics by E. Grosswald (1958, 1960) are related to both 
this chapter and Chapter 6. Reviews of the recent work extending the 
Hardy~Ramanujan—Rademacher method are found in Sections P68 and P72 
of LeVeque (1974). 

Examples 1, 2. Cayley (1898), MacMahon (1916), Arkin (1970). 

Example 3. Hagis (1962, 1963, 1964a, b, 1965a, b, c, 1966) treats many 
cases when k is prime; Subramanyasastri (1972) treats arbitrary k. See also 
Iseki (1959, 1960, 1961). 

Example 4. Watson (1936), Dragonette (1952), Andrews (1966). 

Example 5. Watson (1929, 1936). 

The proof of (5.2.2) presented in Examples 6-17 is due to B. Berndt (private 
commu ition) and is presented in much greater generality in Berndt (1973, 
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1975). Berndt has shown this method to be applicable to numerous modular 
functions and to be simpler conceptually and computationally than alter- 
native methods; for these reasons this approach should have wide ramifica- 
tions in partition theory. 
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CHAPTER 6 


The Asymptotics of Infinite Product 
Generating Functions 


6.1 Introduction 


As we saw in Chapter 1, many partition functions have infinite products 
as the associated generating function. Numerous researchers have considered 
the asymptotics of such partition functions. We shall present the general 
theorem of G. Meinardus, which gives an asymptotic formula that includes 
numerous partition functions. His method is also amenable to generalization 
and we shall discuss some possibilities for generalization at the end of this 
chapter. 

The infinite product we shall consider is 


f(y) =T]d - 4" 
n=] 


1+ s r(n)q", (6.1.1) 


n=1 


where q = e ‘ and Ret > 0 (or equivalently |q| < 1). We restrict the a, 
to be nonnegative real numbers. We also consider an auxiliary Dirichlet 
series: 


2 


ps) = ¥ - (s =o + it), (6.1.2) 


which is assumed to converge for o > a, a positive real number. Furthermore, 
we assume that D(s) possesses an analytic continuation in the region o > 
— Cy (0 < Coy < 1) and that in this region D(s) is analytic except for a pole 
of order 1 at s = a with residue A. Finally, we assume that 


D(s) = O(|t|*') (6.1.3) 


uniformly ino 2 — Cg as |t| > 00, where C, is a fixed positive real number. 
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We must finally make use of the function 


g(t) = > ag, q=e. (6.1.4) 
a=1 


Now if t = y + 2mix (x, y real), we shall also assume that for |arg t| > 7/4, 
Ixl < 4, 
Re(g(z)) — g(y) < — C,y* (6.1.5) 


for sufficiently small y, where e is an arbitrary fixed positive number and C, 
is a suitably chosen positive real number depending on e. 
With the definitions above in mind, we state Meinardus’s main theorem: 


THEOREM 6.2. As n > ©, 


r(n) = Cn* exp fer + 4) [AM (a + 1)(a + yeh + O(n7"1)) 


(6.1.6) 


where {(s) = ).2_, m~* is the Riemann zeta function, and 


C= PMA + a) FLAT (a + 1S (@ + IYT-?2POMA*2, 6.1.7) 


_ D0) —1- }a 
_ « _~ {Co 6 1 
K, =X min(€ > Bis - 8). (6.1.9) 


6 an arbitrary real number. 


The proof of this theorem relies on application of the saddle point method. 
In the examples at the end of the chapter, we shall present numerous applica- 
tions of Theorem 6.2. 


6.2 Proof of Theorem 6.2 


In applying the saddle point method, we must have information on the 
behavior of f(z) in the half-plane Re(t) > 0 especially, near t = 0; this is 
supplied by the following: 


LEMMA 6.1. Under the assumptions on f(t), D(s), and g(t) presented in 
Section 6.1 (with t = y + 2nix), 


f > = expLAr(a(a + 1)t7% — D(O) log t + D0) + O(y™)] (6.2.1) 
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uniformly in x as y 40, provided |arg t| < 7/4, |x| <4; there exists a 


positive &, such that 
f(y + 2mix) = OfexplLAM(a)(a + Iy™* — Cy") 


uniformly in x with y® < |x| < 4, as y > 0, where 


pai+3(i- 3) with 0<6 < %, 


and C, a fixed real number. 


Proof. We note that 


log f(t) = -— ¥ alow —e") 


v=1 

co) 1 fo) 
= ae —vke 
7 2 k X ve ; 


Now recall that e~* is the Mellin transform of I(s); that is, 
oo+ iw 
er= a t ‘I(s)ds (for Ret > 0, oo > 0). 
so- iw 
Applying (6.2.5) to the exponential function in (6.2.4), we see that 
l+atio 


logf(e) = 5, | tT (s)t(s + 1)D(s) ds; 


1}+a-ioo 


(6.2.2) 


(6.2.3) 


(6.2.4) 


(6.2.5) 


(6.2.6) 


the interchange of summation and integration necessary to obtain (6.2.6) is 
permissible due to the absolute convergence of the resulting integrated series. 

Our object now is to shift the line of integration from Ret = 1 + @ to 
Ret = — Co. We first note that the integrand in (6.2.6) has a first-order pole 
at s = a and a second-order pole at s = 0; the residue at s = a is clearly 


t “F(a)f(a + 1)A. Around s = 0, 


t *P(s)e(s + 1)D(s) 


=(l = slope tomy ee )(E ape )OO + DOs +> 


= y + (D0) — D(0) log *) * feees 
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hence, the residue of the integrand in (6.2.6) at s = 0 is D’(0) — D(O) log t. 
Hence, we see that 


log f(t) = AI(a){(a + 1)t-* — DO) logz + D'(O) 
—Cot loa 


+ a | t *I(s)O(s + 1)D(s) ds; (6.2.7) 


-Co-— ia 


the shift of the line of integration made in passing from (6.2.6) to (6.2.7) 
is permissible since for |arg t| < 2/4, we see that 


Ic~*| = It]? exp(t arg t) < |2]~% exp(x|t]/4) 
and for ¢ > Co, 
D(s) = O(|t\“) 
(by assumption), while classical results on the € and I functions assert that 


G(s + 1) = orl, 


I(s) = o(ex»(- a) it) 
ast— ©. 


Finally we observe that 


and 


—Cot io 
E rT(s)E(s + 1)D(s) ds 
2ni 
-—Co-—iw 
=O (it Jexp (- + ) |e +€,+C, a) 
= O(Iz|%) = O(y*), (6.2.8) 


(since |arg t]| < 2/4 implies |2xx| < y and thus [t| < V2 y). Equation (6.2.1) 
now follows from (6.2.7) once we estimate the integral in (6.2.7) by means 
of (6.2.8). 

We now turn to Eq. (6.2.2); here we consider two cases: (1) y? < |x| < 
y/2n and (2) y/2x < |x| < }. (One or both of these cases may be vacuous, 
depending on y, but since we are interested only.in y approaching 0, we may 
always assume y sufficiently small to make both nonvacuous.) 
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In case 1, we see that 


2n\|x 
tanjarg t| = a | <1 or jargt| < 


as assumed above. Hence we may estimate (6.2.7) in the way done before, and 
we determine that 


llog f(y + 2nxix)| < AP(a)(a + I|t]~* + Cgllog yl. (6.2.9) 


The extra terms we might expect on the right-hand side of (6.2.9) have all 
been accounted for by C,|log y|, since the other terms are of lower order of 
magnitude (remember y is approaching 0, so that |log y| dominates all non- 
negative powers of y). Recalling that |t|? = y? + 42?x?, we see from (6.2.9) 
that 


logl f(y + 2nix)| 
< AP(a)l(a + Dy7* + AM(a)e(a + Dy "LU + 42?x?y7 2)? — 1) 
+ C,llog | 
< AM (a)L(a + Vy *— Cyy 4x]? yp" * < AP (alla + Dy * — Cy 4707. 
(6.2.10) 


The next to last inequality follows from the observation that as Y > 0%, 
(1 + AY)? ~ 1 ~ — a@AY/2 and the |log y| is dominated by any negative 
power of + as y approaches 0. 

Now by (6.2.3), we see that — « + 2(8 — 1) = — ad/2 < — €,, say. Hence, 
in case 1, 


logl f(y + 2nix)| < AM (a)e(e + Iy* — Cyy™", (6.2.11) 


which is equivalent to (6.2.2). 
In case 2 (i.e., ¥/2x < |x| < 3), we see from (6.1.4) and (6.2.4) that 


log| f(y + 2nix)] — Re(g(t)) = ¥ : > aye cos(2nkvx) 
=2 


ao 
<.), 


1 oO 
ka k d a,e~“” = log f(y) — g(y), 
(6.2.12) 


since the a, are all nonnegative. Now we have the hypotheses necessary to 
apply (6.1.5). Hence in case 2 
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loglf(y + 2nix)| < log f(y) + Re(g(z)) — g(y) 
< AI(a)l(a + I)y-* — Cyy* 
< AI (a)(a + 1)y7* — Cyy7*. (6.2.13) 


Hence our lemma is completely proved. | 


We are now prepared to obtain the asymptotic formula for r(n). 


Proof of Theorem 6.2. We recall by the Cauchy integral theorem that 


tot+2ni 


1 at 
r(n) = Tai | f(t)e™ dt 
4 
= \ f(y + 2mixyert2=™ dx, (6.2.14) 
“+ 


We wish to apply the saddle point method to the evaluation of this integral. 
Since the maximum absolute value of the integrand occurs for x = 0, and 
since for x = 0, Lemma 6.1 implies that the integrand is well approximated by 


explAl(a)f(a + Iy* + ny], 


the saddle point method suggests that we should minimize this expression; 
that is, we should require that y be chosen so that 


jy (ex Lar(ant(a + l)y"* + ny]} =0. 
Hence we take 
ys=n VOD AT(a + IC(a + 1I)VEr. (6.2.15) 
For notational simplicity we define 
m=ny = nV@*OPAr(a + IGa + IME”. (6.2.16) 


From (6.2.14), we see that 
yh 
r(n) = e” | f(y + 2nix)e?*" dx + e™R,, (6.2.17) 


—yé 


where 
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— yA 


R, = | + | f(y + 2nix)e?""* dx (6.2.18) 


-4 yb 


and where f is defined by (6.2.3). The interval of integration is being split into 
two parts in a manner related to the Hardy-Ramanujan Farey dissection’ 
applied to the partition generating function in Chapter 5. To actually under- 
stand how (6.2.3) arises we may note that we have already used explicitly in 
the proof of Lemma 6.1 that — a + 2(B — 1) should be a small negative 
number. 

By Lemma 6.1, 


R, = o(exp (") AT(a)&(a + 1) — C; (2) ]) (6.2.19) 


asn— oo (ie., y = m/n > 0). Hence 


exp(m)R, = o(exp ( + :) m— Com) (6.2.20) 


as n > 00. 

Equation (6.2.20) provides an adequate estimate for the second term in 
(6.2.17). We must now treat the main integral. Let us choose n 2 n, 2 ny, 
where n, is sufficiently large that 2n(m/n)’~' < 1 (this is quite permissible, 


since B > 1 and m/n > 0 as n > oo). Then by Lemma 6.1 
‘ 


(mjnyb 
r(n) = exp (: + ) m+ x) exp(@,(x)) dx + exp(m)R,, (6.2.21) 
—(mjnyé 
where 
¢,(x) = m( ms rizr) = 1 +2ninx —D(0) oe” a 2nix) + O(m~%0l); 


(6.2.22) 


note that the choice of n, guarantees that throughout the interval of integra- 
tion |x| < 3, and the choice of n, guarantees that arg t < 7/4 as well. 
We now make the change of variable 2xx = (m/n)w, and we obtain 


r(n) = exp ( + 4) m—(D(0)— I) log = + D'(0) — log 2x]: I + exp(m) R,, 


(6.2.23) 


6.2 Proof of Theorem 6.2 95 


where 
Crom@ - 8)/« 
= exp($2(w)) do, (6.2.24) 
~CromO - 8)/e 
and 
— im 1 H a 4 —Co/a 
¢(@) =m ti cia. a + | D(O) log(1 + iw) + O(m ) (6.2.25) 
as m— oO. 


Our problem is now reduced to obtaining an asymptotic expression for I. 
First 


Crom - 8)/e 


f= exp |- met Dos Gye Rs, (6.2.26) 
— Crom — 4)/e 
where 
Crom - 80/0 
1 
R, = exp| - mes Da [exp(¢,(w)) — 1] do, (6.2.27) 
Crom - Bd se 
with 
= 1 . a+ 1 24 : -Cofa 
$3(@) = n| ioe a + ia + a @ | D(O) log(1 + iw) + O(m ) 


(6.2.28) 


as m— oo. For n 2 n; 2 n2, choose nj sufficiently large that |w| < 1 
throughout the interval of integration. Hence 


1 fn it, ted, § 
ml atop et ie +24 t04| 


1 
\(- 1H@ — ‘ + io + —_ oo? 


ll 

3 
Tt 
Ri, — 
v 
v™@ 
—, 
— 


a iF j — 1 . . 
= = ( J \- lita = O(m|a|>) = O(m@ + 30.-#/2) 
j23 


(6.2.29) 


while 
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log(1 + ia) = — os 


Jig 
py eee = O(je|) = OMG -/*), (6.2.30) 
iz 


Therefore, as m > 00 
exp($3(@)) — 1 = O(|63(@))) 
= O(mIEt3Q- OMe 4 pA Blt 4m So/*) = O(m="1), (6.2.31) 


where 


pee (@.4 7 %), (6.2.32) 
a 2 
by (6.2.3). 


Since the length of the interval of integration in (6.2.27) is Om“ ~®*), we 
see that as m > 00 


R, = O(m “*?) (6.2.33) 
where 
. {Co 1 é 

B22 = min (<2 + oy = 4 ’ 1 a i). (6.2.34) 
As for the integral in (6.2.26), we see that 
Crom - Ad /e Cyymé/4 

exp - So o| dw = [km(a + 1)]7* exp(— 2”) dz 

=Crom@ - )/« —Cyyme/4 


2x | = 3/4 
-| | + O(m"* exp(— C,.m*/*)). 


m(a+1) 
(6.2.35) 
Hence by (6.2.26), (6.2.33), and (6.2.35), we obtain, as m —> 00, 
2n = 
= | ee ae ee THs 
I E +i) (1 + O(m~*3)) (6.2.36) 
where 
B3 = min (c: aaa a i). (6.2.37) 


Finally by (6.2.17), (6.2.20), (6.2.33), and (6.2.36), we see that 


r(n) = exp (: + 4) m — (D(0) — 1) log— + ro) (2nm(a + 1))7* 


x (1 + O(m7*)) (6.2.38) 
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as m > oo. Using (6.2.16) to replace m by a function of n, we obtain exactly 
(6.1.16). Thus Theorem 6.2 is proved. | 


6.3 Applications of Theorem 6.2 


Theorem 6.2 applies to numerous partition functions considered in Chapters 
1 and 2. We shall see in Chapter 11, Example 6, that it also produces asymptotic 
formulas for many plane partition functions. 


THEOREM 6.3. (Cf. Eq. (5.1.2).) 


1 
4n/3 


p(n) ~ exp(n(§)*n?). 

Proof. In Theorem 6.2, set a, = 1 for all n; then r(n) = p(n); D(s) = ((s) 
(and ('(0) = — }log(2z), 6(0) = — 4); and g(t) = (1 — e7')7'. It is an 
easy matter to check the various conditions listed in (6.1.3)-(6.1.5), and the 
result above follows from Theorem 6.2 once the indicated substitutions are 
made. | 


THEOREM 6.4. Let H,,, denote all positive integers congruent to a modulo k. 
Then forl<a«<k, 


2n * 
PCH, a’, n) ~ Cn" exp(x(3") 


where 


ee r(#) (alk) ~ 19 ~ (3/2) ~ (a) 2k) 3 ~ (a/2k) p ~ 4 + (a/2K) 


c= -a(1+ 4). 


This result follows in exactly the way Theorem 6.3 was proved. Now D(s) = 
k~*C(s, a/k), where ((s, h) = Da>o (mn + h)~* is the Hurwitz zeta function, 
and g(s) = e “(1 — e *)7!” |_| 


and 


Examples 


1. Let H,,+, denote the set of positive integers congruent to a or — a 
modulo k. Then for k prime and 1 < a < k/2, 


““ ” esc(z1a/k) -3/4 n + 
PC Hi +a 2) wane n exp (27 x) P 


98 The Asymptotics of Infinite Product Genc ng Functions Chap. 6 


2. In order to compute explicitly the r(n) in Theorem 6.2, we use the well- 
known logarithmic derivative: 


yy. ne(n)q" d - = 
" Pa tor [hl =e 
Yeo r(n)q” 7 dq eli oa 


From this it follows that 


nr(n) = Do r(n — f)D, 


j=l 
where 
D, = >» dag. 
dij 


3. It can be shown by partial summation that the condition ¥), c,<14n = 
At*/a + O(t?~*) implies D(s) is continuable for Res > a — « witha first order 
pole of residue A at 5s = a. 

4. If Si cacs4n < Al*/a for all t > 0, then for A > 0 


DY mae" <AA* F(a + 1). 


5. If it is true that the a, are nonnegative and that )) <ac;4, < = for 
all t > 0, then we can prove by essentially elementary means that 


r(n) < exp (nt (1 + ‘) are + 1)f(a + INE ») = exp(en@/(@*?)), 


To see this we note from Example 2 that 


ar(n) = > Sena — kv). 


k=} p=} 
ku<n 


The desired inequality is trivial for n = 1, and we may use the recurrence 
to prove the full inequality by induction. We sketch the procedure: 


n(n) < > DY aypexpfe(n — kvy¥t] 
ine 


= 1v=l1 


oO 2) 
cakyo  _ 
< > > a,vexp|cnV@t) — SOT get) 
k=1v=1 (a + 1) 
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= exp(enZ@*)4 Yo A-e- (a + 1) 
k=1 
(by Example 4 with 2 = cakn7=@*"""(a + 1)7!) 
= exp(en™@* AT (a + Wert a7 Inf + 1)EtG(a + 1) 


= nexp(en™@t Dc F-1f Aa 8 ae + Yt (a + 1)C(@ + 17 


nexp(en7/@*)) (since c =(1 + ‘\ are + 1I)C(e + yer). 


Unfortunately not much is known about problems when a series rather 
than a product is involved. The following examples treat some of the very 
intricate researches of Meinardus on partitions with difference d between 
parts. 

6. If An) denotes the number of partitions of n with difference at least 
d between parts, then 


F{q) = & Adnq" = L —7.— 
n>0 n=0 q 
7*. Using Eqs. (2.2.5) and (2.2.10), we can prove that 
1 2 2 
F{q) = Res| gp ODean (9s Mal — O73 gal — 9"; abn}: 
8*. Example 7 provides a formula for F(q) that can yield the behavior 


of F{q) for |q| near 1. Using the circle method, we can then show that 


An) ~ Crt exp(2(Agn)’/?) 


where 


57a Aa lag *(d(a,4)*~ . +1))7'?, 


C, = 


2/n 
Ay = § log? Oy + py 


and a, is the positive real root of x4 +x ~—1=0. 

9. It is possible to prove that A, = 27/15 by comparing the result in 
Example 1 with a = 1, k = 5. (Corollary 8.6 must also be invoked to obtain 
that A,(n) = r(n)). 

10*. If H is the union of a finite number of arithmetic progressions of the 
form {a; + nM} o(1 <i <r, 1 <a, < M), then p(“H’(< 1), n), the num- 
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ber of partitions of n into distinct parts taken from H, is monotonically 
increasing for n sufficiently large if and only if g.c.d.(a,, a2,...,a,, M) = 1. 

11*. The partition function p(“H’(< 1), n) defined in Example 10 satisfies 
the following asymptotic relation 


pCH’(< 1),7) = DOr 39/2 — (ay Hag + + +.4,)/M)3~ by ~ 3/4 gern] 3M Fy + O(n-**4)}, 


provided g.c.d.(a,, a2,...,a,, M) = 1. 

12*. The number p, , (= p(n, k,n) — p(n, k — 1, n)) of partitions of n into 
exactly k parts is unimodal in k if n is sufficiently large (i.e. there exists 
k, = k,(n) such that p, 4, > Pau+s fork > ky, and pax < Pays fork < kj). 

13*. Almost all partitions m9 of n (i.e. with the exception of o(p(n))) have 
#(%19) summands where 

J6n 


#19) — Sy 108 n| < Jnw(n) 


provided only that w(n) is nondecreasing and tends to infinity with n. 
14*. If 0 < a < 4, then almost all partitions of n (ie. with the exception 
of o(p(n))) contain 


(1 + o(1))o ie log n 


summands which are < n°(/6/n). 

15*. Let k > 2, 6 > O be fixed. For each partition 2, of n, we denote by 
S, the number of different summands of x;. Then the set of integers that are 
summands common to each of the partitions 1}, %2,..., % Of n is at least 
as large as ((1/k) — 6) max, <;<, S; for almost all k- tuples (1, %2,-.., 1%) of 
partitions of n (i.e. with the exception of o(p(n)*) k-tuples of partitions of n). 

16*. If the k-tuples of partitions in Example 14 are restricted to those 
with distinct parts then an analogous result holds with ((1/k) — 6) replaced 
by [(1/(k2* log 2)) — 6], and p(n) replaced by p(Q, n). 


Notes 


We have chosen to present the work of Meinardus. However, there have 
been numerous significant papers on the subject of this chapter; in particular, 
we cite those of Ingham (1941), Brigham (1950), Auluck and Haselgrove 
(1952), Haselgrove and Temperley (1954), Kohlbecker (1958), Roth 
and Szekeres (1954), Szekeres (1951, 1953), and Wright (1931, 1933, 1934). 
Recently B. Richmond (1972, 1975a, b) has extended the important work of 
Roth and Szekeres (1954); and W. Schwarz (1967, 1968, 1969) has also made 
important contributions to this area. Reviews of recent work occur in Sec- 
tion P72 of LeVeque (1974). 

Example 1. Livingood (1945). 

Example 2. The case in which a, = 1 was treated by Vahlen (1893), although 
very similar results were found by Euler; a, = d was done by MacMahon 
(1923). 
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Examples 3-5 present a modification of work done by Erdés (1942) on 
p(n). 

Examples 6-8 appear in Meinardus (1954b). 

Example 9. See Watson (1937) for a history of such problems. 

Example 10. Bateman and Erdés (1956). 

Example 11. Richmond (1972). 

Example 12. Szekeres (1953). 

Example 13. Erdés and Lehner (1941). 

Example 14. Turan (1975). 

Example 15. Turan (1973, 1975). 

Example 16, Turan (1974, 1975). 

In Examples 13-16 some of the interesting recent theorems on the statistical 
aspects of partitions are listed. For an extensive account of these and related 
work on the statistical aspects of group theory we refer the reader to Erdés 
and Lehner (1941), Erdés and Turdn (1965, 1967a, b, c, 1968, 1971a, b), 
Lehmer (1972a, b, c), Richmond (1975c), Turan (1973, 1974, 1975). 
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CHAPTER 7 = 


npeidentiies. Identities of the Rogers-Ramanujan | 
Type 


7.1 Introduction 


The Rogers-Ramanujan identities provide ‘one of the most fascinating 
chapters in the history of partitions. The story begins with the discovery of 
the Indian genius S. Ramanujan by G. H. Hardy. In his first letter to Hardy 
(dated January 16, 1913) Ramanujan stated several marvelous theorems on 
continued fractions. Two are of special interest to us now: 


1 _ [Bes JEN Ger 
e728 a 2 2 


1+ wee 
1+ 6n 
e 
1+-, 
peaseGe 2 | eS ee ons 
en 2k ~ 2 2 : 
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e 
fi 


Of these (and a related formula), Hardy says, in the article ‘““The Indian 
Mathematician Ramanujan” (Amer. Math. Monthly 44 (1937), p. 144), 
“(These formulas] defeated me completely. I had never seen anything in the 
least like them before. A single look at them is enough to show that they could 
only be written down by a mathematician of the highest class. They must be 
true because, if they were not true, no one would have had the imagination 
to invent them.” 

Before we conclude our history, it is useful to see how these two continued 
fractions are related to mathematical constructs of the type previously 
considered. Let us consider F(x) to be a function analytic in x at 0, F(O) = 1, 
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and such that 
F(x) = F(xq) + xqF(xq’), (7.1.1) 


a linear second-order q-difference equation. Then if c(x, q) = F(x)/F(xq), 
we have that 


xq 


a ea e(xq, 4) 


xq 
1 + : ; eee 
1 + (xq*/e(xq*, 9) 


and so Ramanujan’s continued fraction theorems are precisely evaluations 
of c(1, e7 7") and c(1, — e7*). 

If now we write F(x) = Yao A,(q)x", and we substitute this series into 
(7.1.1), we find, by comparing coefficients of x”, that 


(7.1.2) 


A,(q) = 4"A,(q) + 47"~'A,-1(4). (7.1.3) 
Hence 
gn! gi2n— 4 2n-3) 
A,(q) = =—— A,-1(q) = ———__—_—_- A, - 
(4) _ 1(9) (ql 9g) 2(q) 
Coie ere ages i, 
(q), A0(9) = (ay, a 
Hence 
ek ae 
F(x) = (a), (7.1.5) 


Surprisingly, F(1) and F(q) may be evaluated in terms of infinite products 
(as we Shall prove later in this chapter), namely, 


: ‘ 
ED) hs ae i dane ae 2)” 
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n=0 
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From (7.1.6) and (7.1.7), we directly obtain an infinite prcduct representa- 
tion of c(1, gq) = F(1)/F(q), and we may then deduce Ramanvujan’s continued 
fraction theorems by an appeal to the theory of elliptic theta functions. 

Hardy has asserted that “it would be difficult to find more beautiful 
formulae than. the ‘Rogers-Ramanujan’ identities,” and he succinctly fills 
in the remainder of their early history in the following passage, taken from 
Ramanujan (Cambridge Univ. Press, 1940, p. 91): 


They were found first in 1894 by Rogers, a mathematician of great 
talent but comparatively’ little réputation, now remembered: mainty from 
Ramanujan’s rediscovery of his work. Rogers was a fine analyst, whose 
gifts were, on a smaller scale, not unlike Ramanujan’s; but no one paid 
much attention to anything he did, and the particular paper in which he 
proved the formulae was quite neglected. 

Ramanujan rediscovered the formulae sometime before 1913. He had then 
no proof (and knew that he had none), and none of the mathematicians to 
whom I communicated the formulae could find one. They are therefore 
stated without proof in the second volume of MacMahon’s Combinatory 
Analysis. 

The mystery was solved, trebly, in 1917. In that year Ramanujan, looking 
through old volumes of the Proceedings of the London Mathematical 
Society, came accidentally across Rogers’s paper. I can remember very well 
his surprise, and the admiration which he expressed for Rogers’s work. 
A correspondence followed in the course of which Rogers was led to a con- 
siderable simplification of his original proof. About the same time I. Schur, 
who was then cut off from England by the war, rediscovered the identities 
again. Schur published two proofs, one of which is “combinatorial” and 
quite unlike any other proof known. There are now seven published proofs, 
the four referred to already, the two much simpler proofs found later by 
Rogers and Ramanujan and published in the Papers, and a much later proof 
by Watson based on quite different ideas. None of these proofs can be called 
both “simple” and “straightforward,” since the simplest are essentially ver- 
ifications; and no doubt it would be unreasonable to expect a really easy 
proof. 


Hardy’s comments about the nonexistence of a really easy proof of the 
Rogers—Ramanvjan identities are still true today. The approach that we shall 
use here is related to one of the “verification” proofs referred to by Hardy. 
On the one hand, this may seem inappropriate for this particular book; 
however, we may defend our choice in observing that our approach has been 
by far the most fruitful in extending our knowledge of Rogers-Ramanujan 
type identities. 

We shall, in fact, show that other partition identities may be treated in the 
Same way, and as an example, we shall prove not only the Rogers-Ramanujan 
identities, but also B. Gordon’s beautiful generalization of them, as well as 
other identities due independently to H. Gdllnitz and B. Gordon. 
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In every case, we find that theorems on partitions correspond to generating 
function identities. The partition-theoretic interpretations of (7.1.6) and 
(7.1.7) are given in Section 7.3. If the reader wishes he may proceed by accepting 
Lemmas 7.2—7.4 and then going directly to the partition theorems in 
Section 7.3. 


7.2 The Generating Functions 


We shall consider, for |x] < |q|~', Iq] < 1, 


© Lk kn2+n-in ng, yi 2ni n+1 -1 
H, fa; x;q) = ie q oa )eo( a n (7.2.1) 


Iya; x5 4) = Hy {a5 xq; q) — xqaH, :-1(a; xq; 9). (7.2.2) 
We note that any value for a is admissible, even a = 0, since a"(a~'), = 


(a — 1a — q)--:(a — q"~") is merely a polynomial in a whose value at 0 
is (- 1)"qr- 1)/2. 

Very little can be said in way of motivation for this section. Actually 
extensive work in the theory of basic hypergeometric series and partition 
identities shows that ‘‘well-poised”’ basic hypergeometric series provide the 
generating functions for numerous families of partition identities. The series 
in (7.2.1) (once the infinite products have been factored out: “Y’ «,(Aqg”)3' = 
(A)*1¥ «,(A)t!”) is an example of a well-poised series. 


LEMMA 7.1 
Hy, Aa; x39) — Wye 1(45 x3 9) = x Sa ei (3 x5). (7.2.3) 
Proof. Noting that 
q™ (lL — x%g?™) — qo — xf 8g?n 1) 
= q (1 — 4g") + xi tg" PCL — xq”), 
we see that 
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In treating problems, there are numerous instances in which we require an 


infinite product representation of a generating function. Such representations 
are given in the following lemmas. 


8 


Identities of the Rogers-Ramanujan Type Chap. 7.2 


LEMMA 7.3. For 1 <i < k, |q| <1, 


J, (05 15 q) = 


Proof. By (7.2.2) 


LEMMA 7.4. For1 <i<k 


Proof. 


i q 
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7.3 The Rogers-Ramanujan Identities and Gordon’s Generalization 


In this section we shall utilize the analytic work in Section 7.2 to prove 
the following theorem, which is due to B. Gordon. 


THEOREM 7.5. Let B, {n) denote the number of partitions of n of the form 
(b,b2°-+b,), where b; — bj44-, 2 2, and at most i — 1 of the b; equal 1. 
Let A, {n) denote the number of partitions of n into parts 40, + i(mod 2k + 1). 
Then A, {n) = B,,{n) for all n. 


Before we prove Theorem 7.5, it is appropriate to give center stage to its 
two most celebrated corollaries, the Rogers~-Ramanujan identities (stated in 
terms of partitions). 


COROLLARY 7.6 (The first Rogers~-Ramanujan identity). The partitions of 
an integer n in which the difference between any two parts is at least 2 are 
equinumerous with the partitions of n into parts = 1 or 4 (modulo 5). 


Proof. Take k = i = 2 in Theorem 7.5. | 


COROLLARY 7.7 (The second Rogers-Ramanvujan identity). The partitions 
of an integer n in which each part exceeds 1 and the difference between any 
two parts is at least 2 are equinumerous with the partitions of n into parts 
= 2 or 3 (modulo 5). 


Proof. Take k = i+ 1 = 2 in Theorem 7.5. || 


Proof of Theorem 7.5. Let b,,{m,n) denote the number of partitions 
(5, 5,°~-b,,) of n with exactly m parts such that b; > bj41,.5; — bjsy-1 2 2, 
and at most i — 1 of the b, equal 1. Then for! <i <¢k 
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1 if m=n=0 
ed, n) = 0 if m<0O or n<O but (m,n) # (0,0); 
(7.3.1) 
by o(m, n) = 0; (7.3.2) 


forl <i<k 
by, (m,n) — by (m,n) = bey ig (m — i+ 1,n—m). (7.3.3) 


Equations (7.3.1) and (7.3.2) are obvious once we recall that the only partition 
that is either of a nonpositive number or has a nonpositive number of parts 
is the empty partition of 0. 

Equation (7.3.3) requires careful attention: b, {m,n) — b,;~,(m, n) 
enumerates the number of partitions among those enumerated by b, (m, n) 
that have exactly i — 1 appearances of 1. Let us transform this set of partitions 
by deleting the i — 1 ones, and then subtracting 1 from each of the remaining 
parts. The resulting partitions (b,'---b,,- 41) have m — i+ 1 parts; they 
partition n — m, and the parts satisfy b;’ — bj,,-, > 2. Since originally 1 
appeared i — | times and the total number appearances of ones and twos 
could not exceed k — | (due to the difference condition), we see that originally 
2 appeared at most (k — i + 1) — 1 times, and thus after the transformation 1 
appears at most k —i+ 1 times. The transformation described above 
establishes a one-to-one correspondence between the partitions enumerated 
by b, (m,n) — b, ;- ,(m,n)and those enumerated by b, ,-;4,(m — i+ 1,n—m). 
Hence (7.3.3) is established. 

We now make a simple yet essential observation: the b, (m,n) (0 < i < k) 
are uniquely determined by (7.3.1), (7.3.2), and (7.3.3). To see this, proceed 
by a double mathematical induction first on n and then on i. Equation (7.3.1) 
takes care of n <0, m <0, i> 0. Equation (7.3.2) handles all n when 
i = 0. Equation (7.3.3) represents b, (im, n) as a two-term sum in which the 
first term has a lower i index and the second a lower n index (since we can 
assume m > 0). 

Now let us consider 


J,,0;x59 = YY eg dm, n)x"q". 


m=0 n=0 


From the fact that for 1 <i< k 
J,,{0; 0; q) = J,,{0; x; 0) = 1, 


we see that for! <i<k 
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1 if m=n=0 
Ca,d(im, n) = to if m<0O or n<O but (m,n) # (0,0). 
(7.3.4) 
From the fact that 
J,,0(0; ks q) = Hy,o(0; xq; q) = 90, 
we see that 
Cy,o(m, n) = 0. (7.3.5) 


Finally, by comparing coefficients of x"q” on both sides of (7.2.4) with a = 0, 
we see that 


Cem, n) — Cys 1m, 2) = ey-ini(m —i+1,n—m). (7.3.6) 


So we see that the c, (m,n) also satisfy the system of equations (7.3.1)- 
(7.3.3) that uniquely defines the b, {m, n). Therefore, 5, (m,n) = c,,A{m, n) 
for all mandn withO <i<k. 

Hence, since ),>0 0,,(m, n) = B, {n), we see that 


Y B, (n)q” = Y X bs, dim, n)q” 


n20 m20 n 


J,,{0; 15 q) 


i] G-@' @y(7235) 


n=1 
n#0,+ i(mod2k+ 1) 


=) A, Ang” (by Theorem 1.1, Eq. (1.2.3). 
n20 


Comparing coefficients of q” in the extremes of the string of equations above, 
we see that A, (n) = B, (7). fi 


Theorem 7.5 has an analytic counterpart, which we shall prove before 
proceeding. 


THEOREM 7.8. For 1 <i < k, k 2 2, |q| < 1 
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Proof. We shall prove that 
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We obtain Eq. (7.3.7) from (7.3.8) by setting x = 1 and invoking (7.2.5). 
Equation (7.3.8) itself follows from 


(k- 1)n? + (kin 


y(k= 1m 
J, (0; x; q) = » z 


J,-1 {03 xq?"3q), (7.3.9 
ra @. 1,4 "39 ( ) 


which may be seen immediately by induction on k once we observe that 
Jigs 100; x3 q) = J, (0; x54) (set i= k+1 in (7.2.4) and recall that 
Ji,o(0; x4; q) = Hy,o(0, xq7; 4) = 0) and that J, ,(0; x; q) = 1 (since by 
(7.2.4) Jy, 10; x34) = Js 103x439) = J4,1(0, 973g) =" = 41,100; xq". q) > 
J, 1(0; 0; q) = 1). 

To prove (7.3.9), we define 


R,,A%3 q) = x os ool J, —1,403 xq?" q). 
Then for1 <i <k, 
R,, (0; q) = Ry,dx; 0) = 1 (7.3.10) 
and 
Ryo(X; q) = 0. (7.3.11) 
Finally 
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Recalling that the coefficients in the expansion of J, (0; x; q) were uniquely 
determined by (7.3.4), (7.3.5), and (7.3.6), we conclude that since R, (x; q) 
satisfies (7.3.10), (7.3.11), and (7.3.12), and thus its coefficients must satisfy 
(7.3.4), (7.3.5), and (7.3.6), therefore R, (x; q) = J,,(0;x;q) forO<i<k. 
Thus we have (7.3.9) and with it Theorem 7.8. | | 

COROLLARY 7.9 (Eq. (7.1.6)). 

4 9 
q q q 
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Proof. Set k = i = 2 in Theorem 7.8. | 
COROLLARY 7.10 (Eq. (7.1.7)). 
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Proof. Set k = 2, i = 1 in Theorem 7.8. | 
7.4 The Géllnitz-Gordon Identities and Their Generalization 


To appreciate the general area of partition identities such as the Rogers~— 
Ramanuian identities, we turn to results discovered independently in the 1960s 
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by H. Géllnitz and B. Gordon. Actually we shall prove a general theorem that 
reduces to the Géllnitz-Gordon identities in the special cases in which 
kKeix2k=i+ 1 = 2. 


THEOREM 7.11. Let i and k be integers with O < i < k. Let C, {n) denote 
the number of partitions of n into parts # 2(mod 4) and #0, + (2i — 1) 
(mod 4k). Let D,,{n) denote the number of partitions (b,b.---b,) of n in 
which no odd part is repeated, b; > bj4,, b; — Djix-1 2 2 if b,; odd, 
b; — bjyay-1 > 2 if b; even, and at most i — 1 parts are < 2. Then C,,(n) = 
D,, (1). 

Remark. The proof of this theorem is very similar to that of Theorem 7.5. 
The role of J,,{0; x; 4) in Theorem 7.5 is now played by J, (q~'; x; 47). 
We shall, therefore, proceed somewhat rapidly through those portions of this 
theorem that are familiar ground. 


Proof. Let d, (m,n) denote the number of partitions enumerated by 
D, {n) that have exactly m parts. As in Theorem 7.5, we see that for 1 < i < k 


; 1 if m=n=0 
KS a GE ne SO. cor ASO bat San) SOOO) 4) 


Next we assert that 


d, s(m, n) = d, (m,n — 2m), (7.4.2) 


and forl <i<k 
d, (m,n) — dy i-s(m, nn) = dyy-inaQm — E+ 1,n — 2m) 
+ dy x~ig2(m —it+ 1,n ~ 2m + 1). (7.4.3) 


The proof of (7.4.2) and (7.4.3) is exactly like the proof of (7.3.3). For 
example, d, (im, 1) — d, ;~,(m,n) enumerates the number of partitions of 
the type enumerated by d, (m,n) with the added condition that the total 
number of parts each < 2 is exactly i — 1. Such partitions may be split into 
two disjoint classes: (1) those that have { as a part; (2) those that do not. 
We transform the partitions in class | by deleting the 1 and the (i — 2)2’s, and 
subtracting 2 from each of the remaining parts. This transformation establishes 
a one-to-one correspondence between the partitions in class 1 and those 
enumerated by d,,-;,2(m — i+ 1,n — 2m + 1). We transform the parti- 
tions in class 2 by deleting the i — 1 2’s and subtracting 2 from each of the 
remaining parts. In this way, a one-to-one correspondence is established 
between the partitions in class 2 and those enumerated by d,,-;,,(m — i+ 1, 
n — 2m). This establishes (7.4.3), and (7.4.2) is treated similarly. Furthermore 
(just as the b, (m,n) were uniquely determined by (7.3.1)-(7.3.3)), we may 
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easily prove that the d, (m, n) are uniquely determined by (7.4.1), (7.4.2), and 
(7.4.3). 
Now we consider 


2 ao 


Ie - q' SOV)= > e,,(m, n)x™q”. 
0 


m=0 n= 
That Eq. (7.4.1) is also true for the e, (7m, n) follows from 
Jy,f- 971,03 47) = I-91, 5 Pawo = 1, 
while the truth of (7.4.2) for the em, n) follows from 
Jyu(— 974, x5 47) = He(— a7 "5 xa5.q7) (by (7.2.2)) 
=Jed— 97's xq547) (by (7.2.3). 
Finally, we may deduce (7.4.3) for the e, ,(m, n) from the fact that 
Jn(— 719507) — Iniel(— a7", 54°) 
= (xq) "Sa a-ig (= 9713 xq73. 97) + Sue tn2(— 915 475 9”) 
= xg 7S al 9715x975 4") 
+ xg seal 915 xq75 9”). 
Hence, d,,(m, n) = e,,(m, n) for 1 < i < k and all mand n. 


Consequently, forl c<ign 


3 D, {n)q” = y 3 d,,(m, n)q” 
n=0 =0 n=0 


= J, {- q', 1; q7) 


il 


Tl 3 Ga)" by (7.2.6) 


n=1 
n# 2(mod 4) 
n#0,£(2i- 1)(mod 4k) 


=) C,,An)q” (by Theorem 1.1, Eq. (1.2.3)). 


Comparing coefficients of q” in the extremes of the string of equations above, 
we see that C, (n) = D, (n) for 1 < i < k and all n. | 


We conclude this section by remarking that a result analogous to Theorem 
7.8 exists for J,,(— q~', 1; q7). For example, with N; = nj +--+ + m-, 
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N pila hmamigee) 


(— 4; qn wid | ima 
Romer are aa 0 aed ete Cae 


= Jna(- 7 's1347) = I (l—q")"'. (7.4.4) 


né 2(m aren 
n#0,+(2k— 1)(mod 4k) 


Examples 


1. Let sm, n) denote the number of partitions (A,A,°--4,,) of n such that 
for 1 <i < m, A, — 4,4, 2 3 with strict inequality if 3|A; and 1,, > j. We 
can prove (similar to the proof of Theorem 7,5) that if f(x) = Yneeos (Mm, n) 

x™q", then 


S09 = fa) = xahi(xa?), 
Fx) — f3x) = xq? falxa?), 
A309 — fal) = xP Fax"), 
fa) = fixq?). 
2, From Example | it follows that 


fix) = (1 + xq + xq?)fi(xq?) + x@(L — xq?) fi(xq9). 


3. From Example 2, we deduce that 


3 (— 4 51 Ia = 93 a x 
fis) = (0d ay. 


4, From Example 3 we may deduce Schur’s partition theorem: The number 
of partitions of n into parts congruent to 1 or 5 modulo 6 equals the number 
of partitions of n in which the difference between all parts is at least 3 and 
between multiples of 3 is at least 6. 

5. The procedure described in Examples 1-4 may be extended to prove a 
family of identities like Schur’s theorem: Let j denote the least positive 
residue of j modulo 2”; let w(j) denote the number of powers of 2 used in 
the binary representation of /, and let v(j) denote the smallest power of 2 
appearing in the binary representation of j (eg., if n = 4, j = 28, then 
j = 12, w(/) = 3, oJ) = 4, a(j) = 2, v(j) = 4). Let A(N) denote the num- 
ber of partitions of N into parts = 1, 27+ 1, 2° + 3,...,27+ 2"°' -1 
(mod 2"*! — 2), Let B(N) denote the number of partitions idys: +) A;) of 
N (s arbitrary) such that for 1 <i <s, A; — Ajy, 2 w(A;,,)°(2” — I+ 
+ v(Aj41) — Avy. Then A(N) = B(N) for all N. 

6. We may deduce Schur’s theorem from Example 5 in the case in which 
n= 2, 

7, The case in which n = 3 of Example 5 asserts that the number of parti- 
tions of N into parts = 1, 9, 11 (mod 14) equals the number of partitions 
(A,A,°°*A,) (s arbitrary) of n such that for 1 <i < s, 
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7 if A,;,, = 1, 2,4 (mod 7), 
12 if A;,, = 3(mod 7), 

10 if A,;,, = 5, 6(mod 7), 
15 if A;,, = 0(mod 7). 


Ul 


Ai Ain & 


8.. Let , .(N) denote the number of partitions of N into parts # 0, 
+ 2a (mod 4k + 2). Let B,_.(N) denote the number of partitions (1/12/2343: - -) 
of N such that f, < 2a — 1, and 


2k — 1 if f;is even, 


fit hin Sb if f,is odd. 


Then «7, (N) = 4, .(N) for all N. 
We may prove this result, which resembles Theorem 7.5, by mimicking 
the proof of Theorem 7.5 but using 


J; x734°M— xq) 


instead of J, (0; x; q). 

9. The number of partitions of n into parts congruent to 2, 3, or 4 modulo 6 
equals the number of partitions of n without consecutive integers, with no 
ones, and with no part repeated three or more times. 

The proof here considers 


Jn ix (0; x72 g?K- XQ: 
10. It is a simple matter to prove that for a = 1, 2, or 3 
a o g2’ + 2U(4~ay/2)n 


I] d-@'=(-4),2 


n=0 (q? 3 q? nl — ans 1 ea 


n=0 
n70,+a(mod 7} 
This is established by showing that if 
2n ,2n2 +2[(4 -a)/2Jn 


x7"q 
Rela) = Rule) = (= *m Be Gaga) (~ 4)one1-te/21. 


then Ry(x) — Ro(x) = x2q?R,(xq); Rolx) — Rilx) = xgR2(xq); Ry(x) = 
R3(xq). From there it immediately follows that R,(x) = J3 (0; x3 4). 

1]*. The number of partitions of n into parts congruent to 2, 5, or 11 modulo 
12 equals the number of partitions (A,2,°°°A,) (s arbitrary) of n such that 
A, # | or 3, and for 1 <i <s, 2;~-—4;,, 26 with strict inequality for 
414, = 0, 1, or 3 (mod 6). 

This theorem is deduced from the following analytic identities. Define A, 
by 


(sata 20) xe a es AR. 
(ia?) n=0 (4° 9°), 
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Let c,,(n) denote the number of partitions (A,4,°--A,) (s arbitrary) of n such 
that m > A,, A, #1 or 3, and for 1 <i <s, A; —A;,, > 6 with strict 
inequality if 2,;,, = 0, 1 or 3 (mod 6), and let 


dq) =. Cn(7)q”. 


n>0 


Then 


pagrus [hee 
den,-1(4) = Y qe 3 | : | A, 2; 
J @® 


O<2j<n 


where [$],« is [§] with q replaced by q°. 


Notes 


The material in the introduction comes primarily from Chapters 1 and 6 
of Ramanujan by G. H. Hardy (1940). The first two continued fractions in 
the introduction were proved by Watson (1929). The analytic identities in 
Section 7.2 appear for a = 0 in Rogers (1919) and Selberg (1936) and for 
a= — q™' in Andrews (1967d). Very general identities of this nature are 
treated in Andrews (1968c, 1974b). 

Theorem 7.5 is due to Gordon (1961), our proof is by Andrews (1966; 
see also 1969d, 1975a, b). Theorem 7.8 is due to Andrews (1974c); a related 
theorem involving the Alder polynomials is due to V. N. Singh (1957). 
Theorem 7.11 in the case k = 2 is due to H. Gdllnitz (1967) and B. Gordon 
(1965); for arbitrary k the result was obtained by Andrews (1967d). Identity 
(7.4.4) is also due to Andrews (1975d). 

For more detailed accounts of work of this nature there are several survey 
articles with extensive bibliographies: Alder (1969), Andrews (1970, 1972, 
1974a), Gupta (1970). Reviews of recent work in this area occur in Section 
P68 of LeVeque (1974). 

Examples 1-3. Andrews (1968a). 

Example 4. Andrews (1968a, 1971a, b), Schur (1926). 

Examples 5-7. Andrews (1968b, 1969a, 1972). 

Example 8. Andrews (1967b). 

Example 9. Andrews (1967c, 1969c). 

Example 10. Selberg (1936), Andrews (1968c, 1975a). 

Example 11. Géllnitz (1967), Andrews (1969b). 
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CHAPTER 8 


A General Theory of Partition 
Identities 


8.1 Introduction 


The results in Chapter 7 indicate that a general study of partition identities 
such as the Rogers-Ramanujan identities or the Géllnitz-Gordon identities 
should help to illuminate these appealing but seemingly unmotivated theorems, 
In this chapter we shall undertake the foundations of this study. As will 
become abundantly clear, there are very few truly satisfactory answers to the 
questions that we shall examine. We shall instead have to settle for partial 
answers. After presenting the fundamental structure of such problems in the 
next section, we devote Section 8.3 to ‘‘partition ideals of order 1,” a topic 
which we can handle adequately and which suggests the type of answers 
we would like for our general questions of Section 8.2. The final section of 
the chapter describes a large class of partition problems wherein the related 
generating function satisfies a linear homogeneous q-difference equation with 
polynomial coefficients. In some ways this final section is unsatisfactory, in 
that the theory of q-difference equations has not been adequately developed 
to provide answers generally to questions about partition identities and parti- 
tion asymptotics; however, the theorems of Section 8.4 do suggest that 
q-difference equations are indeed worthy of future research. 


8.2 Foundations 


We begin with a simple intuitive observation which forms the basis of our 
work here. In all the partition identities considered in Chapter 7 (Theorem 7.5, 
Corollaries 7.6 and 7.7, Theorem 7.11) partition functions were considered 
that enumerated partitions lying in some subset C of the set of all partitions, 
For example, C might be the set of all partitions where the difference between 
parts is at least 2 (see Corollary 7.6), or C might be the set of all partitions 
with parts congruent to 1, 4, 7(mod 8) (see Theorem 7.11 when k = i = 2). The 
interesting fact to note is that all the considered subsets C of partitions have 
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the property that if nis a partition in C and one or several parts are removed 
from x to form a new partition x’, then x’ is also in C. 

This observation suggests that we should define a partial ordering on 
partitions by x’ < m whenever any integer i appears at least as often in 2 as 
in x’, This approach immediately leads us to a lattice structure on partitions: 


DEFINITION 8.1. Let .” denote the set of all sequences {f;}7°.. , of nonnegative 
integers wherein only finitely many of the f,; are nonzero. 


For reference we note that each sequence {f;}7., = {f;} in S uniquely 
corresponds to the partition (14'2/23/24/*- --), 


” 


DEFINITION 8.2. We define a partial order “< 
{fi} < {g;} whenever f; < g; for all i. 


on & by asserting that 


We note that this definition is consistent with the order structure intuitively 
suggested at the beginning of this section. Furthermore, .¥ is actually a lattice 
whose ‘“‘meet” and “‘join”’ operations are given by {f;} 9 {g;} = {min(/;, gp}, 


{fi} Uv {gi = {max(fi, 9))}. 


DEFINITION 8.3. A subset C of £ which has the. property that whenever 
{fi} eC and {g,} < {f;}, then necessarily also {g;} € C, is called a partition 
ideal. 


In the notation of lattice theory the sets C would be called “‘semi-ideals’’ 
or “order ideals.” 


DEFINITION 8.4. We define a function o which associates with each element 
of ¥ the number that is actually being partitioned: o({f;}) = V7, fyi. 


From the lattice-theoretic point of view, o is a positive valuation on & 
in that o({f;} 9 (9:3) + off} Y {93) = oF) + o({gi}), and if {f;} > 
{g;}, then o({f;}) > o({9;}). 


DEFINITION 8.5. We say two partition ideals C, and C, are equivalent: 
C, ~ C, if p(C,, n) = p(C2, n) for all n. 


After this inundation of definitions let us slow down a little and see how 
these definitions actually fit in with the results obtained in Chapter 7. First, let 


© = {{f;} e |f; > 0 implies i odd}, (8.2.1) 
D=Ufe Sf; < I}. (8.2.2) 
Then Euler’s theorem (Corollary 1.2) asserts that 


O~D (8.2.3) 


8.2 Foundations 123 


since p(O, n) is the number of partitions of n with odd parts and p(Q, n) is 
the number of partitions of n with distinct parts. 
Next, let 


Ba = {de Alfit fur ok - hi <a— 1}, (8.2.4) 
Aya = {{fi} € SIF, > 0 implies i 4 0, + a(mod 2k + 1)}. (8.2.5) 


Then Gordon’s generalization of the Rogers-Ramanvujan identities is imme- 
diately seen to be equivalent to the assertion that 


Dia~ Broa for l<ac¢k. (8.2.6) 


Finally, if we define 
Dea = UES; + fia Sk -— Ve hait fais + farsa Sk - 1 
f;, > 1 implies i even, f; + f. < a — 1} (8.2.7) 
and 
Cra = {fi} € Alf, > 0 implies i # 2(mod 4) and 
iX0, + Qa — 1)(mod 4k)}, (8.2.8) 


then the generalization of the Géllnitz~-Gordon identities given in Theorem 
7.11 asserts that 


Cra ~ Pura for l<ack. (8.2.9) 


That A, 4, Beas Cra, Ze,q are all partition ideals is immediate from their 
definitions; however, it requires a moment’s calculation to see that truly 
P(Ay,a 1) = B, (n) (and p(Z, ., n) = D,_,(n)). To aid the reader in this matter, 
we observe that if(b,b,---b,)isa partitionofn with b; > b;, 1,6; — bjyy-1 2 2, 
then such partitions are characterized by the fact that for any i, the total 
number of appearances of i and i + 1 (namely, f; + f;,,) in that partition is 
at most k — 1; otherwise, if b; is chosen as the first i, then b; — bj4,4-1 <1. 

Since the equivalence relation in Definition 8.5 can be used to describe the 
results in Chapter 7 as well as Euler’s theorem (Corollary 1.2), we are led to 
the following question: 


Fundamental Problem. Fully characterize the equivalence classes of 
partition ideals. 


This problem is phrased intentionally in a vague manner. A minimally 
satisfactory answer would be some sort of readily usable algorithm for 
determining whether two partition ideals are equivalent. We shall, unfor- 
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tunately, be unable to scratch the surface of this problem; however, we shall 
consider a refinement in the next section, and for this simpler problem we 
shall obtain an adequate solution (Theorem 8.4). 


8.3 Partition Ideals of Order 1 


The last section was based on the observation that a certain order of 
partitions is inherent in all the partition problems treated in Chapter 7. 
Next we note a certain ‘local’ property involved in these problems: to 
determine if {f;} € W, . (see (8.2.5)) we need only examine the sequence one 
term at a time, at each stage checking the condition “f; > 0 implies i = 
0, + a (mod 2k + 1).” However, to determine if {f;} ¢ #,,, we must check 
consecutive pairs f;,f;,, against the condition “f, + f;,, <k — 1” after 
having checked the initial condition f, < a — 1. The following definition 
makes precise the notion of how narrowly an examination can be focused on 
{f;} € F to determine whether {f,} € C. 


DEFINITION 8.6. We shall say that a partition ideal C has order k if k is the 
least positive integer such that whenever {f,} ¢ C, then there exists m such 
that {f;/} € C where 


, Si for i=m,m+1,...,.m+k-—1, 
fi 0 otherwise. 

For the partition ideals considered in Section 8.2 we observe immediately 

that O, , 7, ,, and @, , are all of order 1, while 4, , is of order 2 and 2, , 


is of order 3. Inasmuch as Euler’s theorem (Corollary 1.2) asserts the equiv- 
alence of two partition ideals of order 1, it is reasonable to ask the following: 


Problem. Fully characterize the equivalence classes of partition ideals of 
order 1, 


We shall complete this section by treating this problem in quite a satisfactory 
manner. 


THEOREM 8.1. Let C be a partition ideal. Then C is of order | if and only if 
there exists d,,d,,dy,... such that 


C= {{fite Sf, < d; for all i} (8.3.1) 
where each d; is a nonnegative integer or + oo. 


Remark. Once Theorem 8.1 is proved we note that each d, is determined 
by d, = SUP s yec Sj: 


Proof. We let C denote the set of partitions on the right-hand side of 
(8.3.1). Clearly any such set is a partition ideal order 1 since it is clearly a 
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partition ideal and if {f,} ¢ C, then there exists j such that f, > d, for some 
j and hence {f;'} ¢ C where f,' = 0 if i # j ands,’ = f,. 

On the other hand, suppose C is of order 1; then define dy = supyy ec Sf). 
With this definition of C it is clear that C c C. Conversely, if {f,} € C, then 
there exists j such that {f,'} ¢ C where f,' = 0 if i # j and f,’ = f,. I claim 
that f, > d,, for if not, by the very definition of d, we see that there must 
exist {f,} € C such that f,; < hy < d, and thus {f,'} < {h,} € C, which would 
imply that {f;'} € C, an impossibility. Thus since f, > d,, we see that {f;} ¢ C, 
and therefore C = C, as desired. a 


Our next result shows that the partition ideals of order 1 have a large 
amount of algebraic structure: 


THEOREM 8.2. The ideals of S are just the partition ideals of order 1. 


Proof. Recall the meet and join operations in %: {f,} - {9,} = {min(f, g)} 
and {f;} v {g;} = {max(/; gp}, and recall that an ideal S of # is merely 
a partition ideal that is closed under the join operation. 

Let us therefore assume that S is an ideal of Y. Thus S is a partition ideal. 
Define dj = supyy cs f;, and let 


5S = {fi} © Sf, < d; for all i}. 


Clearly S c S. If now {f;} ¢ 5, we may define {f;} by f,” = 0 if i 4 j, 
fj; =f, and we note that {f,} = {f£?} v {fP} Ue +-u {f,%} where N is 
chosen so that f; = 0 for all i > N. Next we note that for each j there exists 
{hj} ¢ S such that f; < h,; < d; by the definition of the d,;. Consequently, 
Uf} < {he S and so {f,} eS for each j. Therefore, {f,} = (f,} u 
(f} Ue U Yf") is in S since S is an ideal of f. Hence 5 = S and so by 
Theorem 8.1, S is a partition ideal of order 1. 

The reverse implication is trivial. For if C is a partition ideal of order 1, 
then by Theorem 8.1, 


C = (fi € Sf, < d, for all i}. 


Hence, if {f;} € C and {g,} eC, then so is {f;} u {g;} = {max(/;, g,)}, and so 
C is an ideal of #. | 


Our next result provides a very usable representation of the generating 
function for P(C, n) whenever C is a partition ideal of order 1. 


THEOREM 8.3. Let C be a partition ideal of order 1 with d, = supiy ec Sy. 
Then 
Tj (l— g*) 


x pC, n)q” = 2S 
n>0 [z..a - 44 
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Proof. By Theorem 8.1, p(C, n) is precisely the number of partitions of n 


in which each integer i appears as a part at most d; times. Hence (as in the 
proof of Theorem I.1) 


Y AC, nq” = [] (1 + a7 + a7 +--+ + G4) 
j= 


nso 


[ld +a t+q%tqut--:) 


j=l (1 — q’) j 


TT: (1 — gh@t) 
So : | 
Ij. 1 - @’) 

This last result allows us to provide a relatively simple test for determining 
the equivalence of two partition ideals of order 1, and in this way we have 
what might be termed a “minimal” solution to the problem posed at the 
beginning of this section. 


THEOREM 8.4. Let C and C’ be partition ideals of order 1 with d; = supyy jcc; 
and dj’ = supiyyecf; Then C ~ C’ if and only if the two sequences of 
positive integers {j(d; + 1)}7_, and {j(d,;’ + 1)}j2, are merely reorderings 


dj<a dj<@ 


of each other. 


Remark. This theorem may be rephrased in terms of multisets (a topic 
treated in Section 3.4): A multiset M is a pair (S, f) where S is a set and fisa 
function from S into the positive integers. For each ae S, f(a) is termed the 
“multiplicity of a in M.” Now each of the sequences {j(d; + 1)}j2, and 


dj<a 
{j(d;’ + 1)}j2, uniquely defines a corresponding multiset D (resp. D’) where, 
dj<a 
say, D = (4,0) with A the set of positive integers of the form j(d; + 1) for 
some j and 6(r) the multiplicity function which counts the number of appear- 


ances of r in the sequence {j(d; + 1)};_, . Theorem 8.4 merely asserts that 
dj<ao 
C ~ C' if and only if D = D’. 
Proof. If the two sequences in question are merely reorderings of each other, 
then by Theorem 8.3 


j= ee gil4s* D) 
X PC, n)q" =~“ 
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_ Ti 1 (l= gi4s'* 9) 


dy’<ao 


T=. - 44 
= ¥ A(C’, n)q’. 


n20 


Hence p(C, n) = p(C’, n) for alln andsoC ~ C’. 

Suppose the two sequences in question are not merely reorderings of each 
other. Let d(r) (resp. 6’(r)) denote the number of times r appears in 
{i(d; + Di 1 (resp. {j(d,’ + 1)}j2, ), and let h be the least integer such 


ds’<a 


that 6(h) 4 Sh" ). Now let us suppose C ~ C’. Hence 


y= (i — gr a 
Tf. - ¢) = 2 HC, n)q 


= Y AC’, n)q" 


n20 


_ Thea - 4 


Ie i( =_) 


Therefore 


ee) 


I] a - gp = Ta = gir, 
j=h jah 

and this is impossible since the coefficient of q* on the left-hand side is 
— 6(h), which does not equal — 6’(h), the coefficient of q* on the right-hand 
side. This contradiction shows that C ~ C’. @ 


A myriad of partition theorems follow easily from Theorem 8.4. We 
record a few next. 


COROLLARY 8.5. Let P,(n) denote the number of partitions of n in which 
each integer i appears at most i — 1 times. Let P,(n) denote the number of 
partitions of n into nonsquares. Then P,(n) = P,(n) for all n. 


Proof. Let C, = {{fje-SIf; <i- 1} and C, = {{fjje Sif, >0>i 
not a perfect square}. Then the assertion P,(n) = P,(n) is just C; ~ C,. For 
C, the associated {f(d; + D}F7, is GU - 1+ DR, = is while for 

d<a 


C, it is also {7700 + 1)}9_, = {/7}72,. Hence C, ~ C, by Theorem 8.4. 


COROLLARY 8.6, Let M, and M, be two sets of positive integers. Let 2M, 
denote the doubles of elements of M, (i.e.,2M, = {j|(j/2) € M,}). Then the 
number of partitions of n into distinct parts taken from M, always equals 
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the number of partitions of n into parts taken from M, if and only if 
2M, < M, and M, = M, — 2M,. 


Proof. Let Cy = {{f;} € SIP, < 1 for all i, f, = 1 implies ie M,)}; and let 
C, = {fije Lf, > 0 implies f;e M,}. Then we are to show that C, ~ C, 
ifand only if 2M, < M, and M, = M, — 2M,. The sequence {j(d; + 1)};2, 


dj<a@ 
associated with C, consists of {j-2}7, together with {j}f_,, while that 
geM1 JEM, 
associated with C, consists of {j};2,, and these two multisets are identical 
J¢M2 


if and only if 2M, A M,° = @ (otherwise a second-order multiplicity would 
occur in C,’s multiset while only first-order multiplicities occur in C,’s) and 
2M, U M,° = M,°. Hence by Theorem 8.4 C, ~ C, ifand only if2M, < M, 
and M, = M, — 2M,. | 


CoroLiary 8.7. Every integer is uniquely the sum of distinct powers of 2. 


Proof. Let M, = {I, 2, 4, 8, 16, 32,...} and let M, = {1}. Then 2M, = 
{2, 4, 8, 16,...} © M,, and M, = M, — 2M,. Hence by Corollary 8.6 the 
number of partitions of n into distinct parts taken from M, equals the number 
of partitions of n into parts taken from M,, which is exactly 1, since there is 
obviously a unique partition of n that uses only ones. | | 


8.4 Linked Partition Ideals 


The last section provided a nice guide for us concerning how we would 
like to treat the entire question of equivalence classes of partition ideals. 
Unfortunately the power of a result like Theorem 8.3 is unavailable to us when 
the partition ideal C is not of order I. In this section we shall at least show 
that a wide class of partition ideals (linked partition ideals) have two-variable 
generating functions that are the solutions of finite linear homogeneous 
q-difference equations with polynomial coefficients. The class of linked 
partition ideals includes both the #,, and Y,, of Chapter 7, as well as most 
of the partition ideals that appear in known partition identities. It includes 
partition ideals C of order 1 if and only if the sequence of local suprema 
{d;}, is periodic modulo k for some k and d; # © for any i; however, 
partition ideals of order | have been adequately treated in Section 8.3, so that 
the important applications of linked partition ideals occur when the ideal in 
question is of order 2 or more. 

In this section we shall consider a two-variable generating function for each 
partition ideal C: 


fdx3q) = Yo xPftg?h! 
{fi}eC 


= Yo xtmgattsoy, (8.4.1) 
ec 
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where the exponent on x is the number of parts of the partition (1/12/2343: - -) 
and the exponent of q is the number being partitioned. Note that 


fdlsg = ¥ a = ¥ HC, nq’. (8.4.2) 
{fa}ec n=0 
Furthermore, it is not difficult to show (by the means used in Theorem 1.1) 
that 


folxs@) =T]C — x47, (8.4.3) 
n=1 


a product absolutely convergent for |q| < I, |x| < [q|~!. Consequently, since 
the number of partitions of n with m parts in an arbitrary partition ideal C 
clearly does not exceed the total of such in , we see by the comparison test 
(applying (8.4.3) to (8.4.1)) that the series in (8.4.1) is absolutely convergent 
for |ql < 1, [xl < Iql7’. 

Q-difference equations (like (7.1.1) and (7.2.4)) were very important in 
Chapter 7. Now we must clear away the specific nature of the problems to 
determine general qualities of partition ideals that allow q-difference equations 
to arise. The first important property is the existence of a “modulus.” 


DEFINITION 8.7. Let C be a partition ideal; we define C™ = {{f,}ECIf, = 
fy =" = Sn = OF. 


Thus C“” is the set of partitions in C that have all their parts larger than m. 


DEFINITION 8.8. We denote by ¢ the bijection ¢: % + SY" given by 
&{fi}) = {9} where 
0 if, i=, 
gi = ; 


Sie if i> 1. 
Intuitively the function ¢ merely adds | to each part of the partition, since 


ooo) 


AOS) = Vifins = TSA + D3 


t=2 i 
thus where initially i appeared f,; times now i + | appears f; times. 


DEFINITION 8.9. We shall say that a partition ideal C has modulus m if m is 
a positive integer such that ¢"C = C™. A modulus is not necessarily 
unique; indeed, any integral multiple of a modulus for C is also one. 


Many partition ideals have no modulus (e.g., the C, and C, considered 
in Section 8.3 in the proof of Corollary 8.5). The partition ideal © in (8.2.1) 
has mc ‘us 2; @ in (8.2.2) has modulus 1; 4, , in (8.2.4) has modulus 1; 
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<7, q in (8.2.5) has modulus 2k + 1; A,,, in (8.2.7) has modulus 2, and @, , 
in (8.2.8) has modulus 4k. 

The relationship between the modulus and q-difference equations is made 
explicit by the following: 


Lemma 8.8. If the partition ideal C has modulus m, then f-(xq™; q) = 
Seow x; q). 


Proof. 
# + # YN+o({fil 
Slxq™; q) = Y, x ngmecrartotisay 
{fe€ 
_ »y x POMS MN Gaon Fo) 
{fijec 
= Yo xttsngosn 
{filed™e 
= by x*g (Fi) = feem(X3 q)- | 
{seco 


DEFINITION 8.10. We define, for each partition ideal C of modulus m, 


Le = {{fi eClf; = 0 for i > m}. 


Thus Z, is just a subpartition ideal of C consisting of all partitions in C 
whose parts do not exceed m. Note that L, depends on which modulus 7m is 
chosen. 


DEFINITION 8.11. For each {f,} and {g,} in -Y, define {f;} © {g;} = (f; + gj}. 


Lemma 8.9. If C is a partition ideal of modulus m, then for each ne C 
there exists a unique sequence 11, 1,3, %4,-.-. of elements of Le such that 


m= 1 @(h"22) @ ($773) @ (G14) O-- - (8.4.4) 
Proof. We note that since C has modulus m, ¢’"C = C&™ for each j = 
1, 2,3,.... (This is because 6: C + C™ is a bijection and consequently 


¢C™ must contain precisely the elements {f;} of C with f, =f, =---= 
fom = 9; that is, #*C™ = C2” and so 6?"C = H"b"C = o™C™ = CEM; 
the proof for arbitrary j follows similar lines.) 

Now for any x = {f;}, we have uniquely 


r= {fis So.---sSns 0, 0, 0,..-.} af {0, 0,.--, 0, firats 
pre reed Ee 0, 0,...} + {0, eee 0, fams+i> 
Seely eee Pe 0, 0,...} ae 


=m, O(G"22) © (¢?"73) Dans 
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where x, = {g,};2, and 


Simi for i =1,2,...,m, 
a 0) for i>m. 


To conclude our Iemma, we must show that when C has modulus m and 
meéC, then each x, € Le. Clearly, P9~ "2, < nEC; hence 9-2, € C. 
But 64~)"C = CGY”. Therefore since 69 "2, CU“ = AF- mC, 
we see that x, €C, and so 7; € Le. & 


DEFINITION 8.12. We say that C is a linked partition ideal if 
(i) C has a modulus, say m; 
(ii) the L- corresponding to m is a finite set; 

(iii) for each x, € L- there corresponds a subset “(2,) of Le (called the 
linking set of z,) and a positive integer /(,) (called the span of z,) such that 
for any ne .¥, ne C if and only if the representation (8.4.4) has the property 
that for each j, 7541, %j+29---»%4uny—1 = {0,9,0,0,..Jand 254 2) €-LA7,)- 


Since the definition of a linked partition ideal is somewhat complicated, 
let us consider some examples. From (8.2.4) let us consider 


B= By =e Shi + fier <k — Ve 


Here @ has modulus 1, and if we let 2, = {i,0,0,0,...}, then Lg = 
{mo, 1%, T,---, My}, (x) = 1forO <i < k — Land 


LM ;) = {Mo, My5---5 Me—-i-1} for O<i<k-—l. 


From (8.2.2), we see that Y has modulus 1, and if 2; = {i, 0, 0,0,..-.}, 
then L = {xo, m1}, (to) = K2,) = 1 and 


LAM) = Lo{™)) = {Xo, 14}. 


From (8.2.7), we see that 7, , = 2* has modulus 2, and if z; = {0,i,0,0,...}, 
WW; = {1,i,0,0,...}, then Zo. = {19, my,---5 M1 Woo Wise --s We-2}s (a) = 
Kv) = ly) = lfori = 0,1,...,k — 2, Loh) = Lola) = (to. ™,-- 
Ty i- 19 Wos Wis-- +> We-i-a}- 

If the linking set “.(z) = {7} and I(x) = r, then there actually is a second 
choice of span and linking set for z, namely, f(z) = Le and I(x) =r + 1; 
generally the first choice is best in order to keep the spans as small as possible. 

We remark that 4, for! < a < kand Y,, for! <a < k are not linked 
partition ideals; however, they are importantly related to #,, and A, 4, 
respectively, as we now make clear. 


y 


DEFINITION 8.13. If C is a linked partition ideal and ze L,;, define C, as the 
subset of C consisting of all x in C for which the representation (8.4.4) has 
my, = i. 
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Thus for <i<k 
B,, = 1; O GB a-ir 
P* =t OPA pn 
B=vi® P?>Dy 4 i- 


As we shall see, the C, are very important in the main theorem on linked 
partition ideals (Theorem 8.11). Crucial to the proof of Theorem 8.11 will 
be the following result, which is an adaptation to q-difference equations of 
an algorithm of F. J. Murray and K. S. Miller (1954) for the corresponding 
problem in differential equations. 


ll 


Lemma 8.10. Suppose we have a system of q-difference equations 
y xq") = 3 PyCOY CO), l<j<n, (8.4.5); 
k=1 


valid for |q| < 1. [xl < lq]7!, where the 39) are analytic in x and q inside 
this domain and the p,(x) are rational functions in x and q. Then there 
exists r <n such that 


Y BOY (xq*”) = 0, (8.4.6) 
k=0 


where the p,(x) are rational functions of x and q and p{x) = 1. 


Proof. Throughout this proof we shall be replacing the rational functions 
pj(x) by new rational functions, say p3(x); rather than constantly change 
notation (and wind up with p3,'*'(x)), we shall write the new functions as 
p,{x) also, The reader must be warned, then, that the p,,(x) in one line may 
not be the same as the p,,(x) in the next line. 

We begin by considerinp (8.4.5),. 


¥i9") = priQy10D + (pred y2(%) +577 + PanlodyCx)). 


Either p,2(x),..., Pin(x) are all identically 0 or not. If they are, we have 
(8.4.6) with r = 1. If they are not identically 0, we may (through a suitable 
renumbering of the y(x),..., ¥,(x)) assume then that p, (x) is not identically 0. 
Define 


W(X) = Py2(x)¥2(X) +05 + panlx) Vn) (8.4.7) 
and now we may eliminate (x) from our system of equations via 


V2) = (209) — Piz V30) — 0 = Ppa) ¥(D)/ P12). (8.4.8) 
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Our new system is 


yiCcg™) = pus) y (x) + w(x) 


wo(xq™) = Y) Pilxq™)yx(xq") 
k=2 


n 


=)'p 1(xq™) > Palx)y Cx) 


k=2 


ae via ( 3 os Pul<a")Pu9) 
142 


1 
+ aa. Puslxg” Ino) 


x (w(x) — pis) ¥30) — 7° — Pi) yn), (8.4.9), 
and following our initially stated convention we write 
w(xq™) = Pay(x)yy(%) + p22(x)wa(x) + P23(x)y3(x) 
+05 + Pax) yn(X)- (8.4.9), 


After substituting (8.4.8) into (8.4.5), for 3 <j < n, we see that the resulting 
equations are again of the same form, namely 


yea”) = pprOdyi(x) + pylx)w2(x) 
ks y Pr), = SF <n. (8.4.9), 
k=3 


The foregoing procedure can be repeated; this time we examine in (8.4.9), 
w3(x) = P23(x)y3(x) +--+ + Pan(X)y,()- (8.4.10) 
If the p23(x),-.-, Pan(x) are all identically zero, then (8.4.9), and (8.4.9) imply 
yilxq?”) — pay(xq™)y (<q) = pas(™)yi0) + Pralx)(yi eq”) 
— Prs(x)ys(x)), 


which is (8.4.6) with r = 2, and we would be done. If not all the p,3(),.. ., Pan() 
are identically zero, then the elimination y3(x) (in the same manner in which 
y2(x) w liminated) yields 
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yi0q™) = Pis(x) yi (x) + wr), 
wo(xq™) = pay(x)yi(x) + pa2(x)w2(x) + w3(>), 


w3(xq") = p3y(x) yi) + P32(*)w2(x) + p33(*)w3(x) 
+ 3 P(X) ye), 
k=4 
yg”) = Py(x) yi) + py2(x)wa(x) + pys()w3(x) 
+ 5 Dj) y,(X)- 
k=4 


We may repeat this process until either all of the y3(x), y3(x),..., y,(x) have 
been eliminated or until one of the resulting 


Wri (X) = Pyne 1 ODVzan 109) 2 ne PjnlX)V n(x) 


has pj; ;+1(),.-+, Pja(X) all identically zero. In any event, there exists r < n 
such that 


yy(0q") = py) yi(X) + w2(X), 


w2(xq") = Poi(x)ys(%) + P22(x)wa(x) + w(x), 


wxq") = P(X) VCD + Pralx)wox) +7 °° + Pr .O)w,(). 


The first of these equations may be used to eliminate w,(x) from the system. 
Hence 


yieq?™) — prslxq™)yi(xq™) = p2()¥ 10) + p22) (x4") 
— Prurldy1x)) + w3(x); 
w3(xq™) = P3i(x)yi(x) + p32(0)1(%q”) — py Dy) 


+ p33(x)w3(x) + wa(r), 


w(xgq™) = Pry O)yi(x) + Pralx)yi1(09™) — Py yO)¥1(x)) 
ab P,3(x)w3(x) + =e + PrAx)w,Cx). 


The next step produces 
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ys(xqr™) + a(x)y(xq?") + B(x)y (xq) + vx) yi(x) = wal), 
and so on. Finally the elimination of w,(x) yields (8.4.6) as desired. | 


THEOREM 8.11. Let C be a linked partition ideal, then f(x; q) = 
Yurnec PG?!" satisfies a finite linear homogeneous q-difference equation 
with coefficients that are polynomials in x and q. 


Proof. We begin by numbering the elements of L,, say Lc = {%, %1,7%2,---, 1%}, 
and since for all C, {0,0,0,...} Ze, we make the convention that mt) = 
{0, 0, 0,,..}. We should quickly remark that the z; here are not necessarily 
the same as the z, used in treating the examples considered prior to this 
theorem. 

Let us define forO < ick 


Hx) = Hx, q) = Yo x* qr. (8.4.11) 
ReCe 
Now since x) = {0, 0, 0,.,.}, it follows immediately that C,, = C™ = $C. 
Hence by Lemma 8.8 


Ho(x) = J xt qe 


neC. no 


= Yo xtge™ = f(xq™; q), (8.4.12) 
reC(™) 
Therefore we need only prove that H (x) satisfies a linear homogeneous 
q-difference equation with polynomial coefficients, since then (8.4.12) will 
automatically imply the same for f¢(x; q). 
Our first goal in this proof is to show that the H(x) satisfy a system of 
linear homogeneous q-difference equations. To this end we note that if 
née C,,, then by part (iii) of Definition 8.11 


T=, DM Oto OD rq ™ Pra’ 
bi ea 
i(x:)— 1 times 


where 


, eee 
™ EC, UCR UC Y uC 


Ry, 


with £(1;) = {7;,, 5 Tj, ++5 2}. Obviously the C 
disjoint sets of partitions. Hence forO <i < k 


..,C,, are 


Rj,? Rj,* Rj, 


Hx) = Y x ¥ ge 
neCr, 


= y x FORD gold #OMEDMR) po(blOmn’) 


Rn Cn y Uren, 
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, 
= x* Ogata oY ss x BORD Gln # (n+ of) 


A= “eC, 
1 metry 


= at genes” Hg), (8.4,13) 
h=1 


To conclude our theorem we need only show that our system of q-difference 
equations can be reduced to one higher-order equation in H,(x), and this 
requires the utilization of Lemma 8.10. 

Define 


h(x) = Hdx'q7-), O<i<k, O<j<KMn). (8.4.14) 
3 


The system (8.4.13) is easily seen to be equivalent to the following system of 
Q = (no) + Wn, +°++ + I(x,) equations: 


hifxq™) = fy 5410), O<i<k, 0O<j< (x) —-1, 


Netgear) Se Fgh MO RY hy o(x), (8.4.15) 


h=1 


Thus by Lemma 8,10, /tgo(x) = Ho(x7') satisfies 
2 
Y P(x) (x7 'q7*") = 0; 
K=0 
hence 
2 
0 = ¥ (x7 1g OH (xq? 9"); (8.4,16) 
k=0 


furthermore, we may assume that the p,(x~'q~°”") are polynomials in x and 
q since we may clear denominators by multiplication of (8.4.16) by a suitably 
chosen polynomial. By the remark following Eq, (8,4,12) we see that the 
establishment (8.4.16) is sufficient to prove Theorem 8,11. a 


Examples 


1. For each k > 2, every integer has a unique representation to the base 
k; that is, every integer is uniquely representable as a sum of powers of k 
where no part is repeated more than k — 1 times. 

2. A perfect partition of n is a partition 7 = (A,,...,4,) such that for 
each m <n there is exactly one x’ < 7 such that z’ is a partition of m. The 
number of perfect partitions of n is the same as the number of ordered 
factorizations of n + 1. To see this, we remark that all perfect partitions of n 
may be written 
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(157 4g 874g 92)! (992° On): 
hence 
n=(9,— 11+ (92 —1)-91 + (93 — I)-gi1g2 + °° + (Ge — 19192" * 9x1) 
= 9192°° "9x — I. 


3. MacMahon, who introduced perfect partitions, generalized the idea to 
a partition of infinity, by which he meant the formal expression 


ty = (19~ 19,927 "(g,g,)%7!- -+(9192°-*Gu-1)*"* +++) 


defined for each sequence {g;}72, of integers each larger than 1. From 
Example 2 it is obvious that for each integer n there is a unique x with z < 7, 
such that z is a partition of n. A moment’s reflection shows that if 4 is the 
equivalence class of ideals of order 1 that contains {{f;}[f; = 0 if i > 1}, 
then 


pA; n)=1 for all n, 


and each “partition of infinity” is essentially a partition ideal in 4. 

4. The constant sequences {g,}/2, with g; = k > 2 produce the partitions 
of infinity (or elements of .#) that occur in Example 1. 

5. It is a simple matter to show that every integer is uniquely representable 
as a sum of nonconsecutive Fibonacci numbers (the Fibonacci numbers are 
1, 2, 3, 5, 8, 13, 21,..., u,(= u,-; + 4,-2),---). This shows that not every 
element of -# corresponds to a partition of infinity. 

6. Let A(r; by, bo,..., b,,3m) denote the set of all partitions (A,1,°--A,) 
(s arbitrary) such that A;_, — 4; > b, wheneverr < i < sand /, = j (mod mm). 
Then Ar; b,,..., b,,; m) is a linked partition ideal. 

7. We let & denote the set of all partitions (1,4,---A,) (s arbitrary) such 
that 14;_, —4; = 9, (1 <i <s) if A; odd, 4;_, —1,; 25, (2< i <5) if 

; = 2(mod 4), and 1;_, — 2; > 0 (2 < i < s) always. Then @ is a linked 
partition ideal. A modulus of & is 4. The set Lg has nine elements: 


) = {0,0,0,0,0,...}, 2, = {1,0,0,0,0,...}, 2, = {0,0,1,0,0,...}, 

a, = {0,1,1,0,0,...}, 2, = {0,1,0,1,0,...}, 25 = {0, 2,0,0,0,...}, 

nm = {0,1,0,0,0,...}, 2, = {0,0,0,1,0,...}, ag = {0,0,0, 2,0,...}. 
The spans of 2,, 22, 73 are 2, while the remaining z, have span 1. The linking 


sets are L (Xo) = Le; L (7) = Le ae {71}; L (7) = {, Tg} = L613); 
L (14) = {02, 77, 1g} = Lo(ts); Late) = Le = Lala) = Lars). 


Notes 


The material presented here originally appeared in Andrews (1972, 1974, 
1975). The presentation of linked partition ideals is expanded and improved 
over that in Andrews (1974) and was first exposed in this form in lectures 
atthe Unit city of Erlangen in 1975. The pair of sets (M,, M3) in Corollary 
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8.6 is called an Euler pair; this result was originally given in Andrews (1969b), 
and was extended by Subbarao (1971). Reviews of work related to the material 
in this chapter occur in LeVeque (1974), Section P68. 

Example |. This is just the ancient radix representation theorem (see 
Andrews, 1969a, b for this treatment). 

Examples 2-4, MacMahon (1886, 1891, 1923). 

Example 5, This is Zeckendorf’s theorem. See Daykin (1960) for a more 
extensive treatment. 
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CHAPTER 9 


Sieve Methods Related to Partitions 


9.1 Introduction 


Up to this point we have established identities between partition functions 
either by exhibiting a bijection between the sets of partitions enumerated 
(e.g., Theorems 1.4-1.6) or by proving that the related generating functions 
were identical (e.g., Theorems 7.5 and 7.11). In this chapter we shall illustrate 
how various types of inclusion-exclusion arguments, or sieves, may be used 
to prove many results of interest in the theory of partitions. In Section 9.2, 
we shall prove Euler’s theorem (Corollary 1.2) and an identity of Sylvester 
using the inclusion-exclusion principle. In Section 9.3, we study an unusual 
sieve related to Atkin’s successive ranks of a partition, and we shall prove a 
new partition identity (Theorem 9.12) related to the A, {n) in Theorem 7.5. 
This last sieve introduces a number of tantalizing unanswered questions about 
partitions. 


9,2 Inclusion-Exclusion 


We begin with a reexamination of Corollary 1.2 that will yield a purely 
combinatorial treatment of Euler’s theorem. 


THEOREM 9.1 (see Corollary 1.2). p(2, n) = p(0, n) for all n. 
Proof. Recall the main argument in the proof of Corollary 1.2 
0 a foe) * foo) (1 = (il — 4") ae foe) 0 oO ‘ 
Y AB, nq” = [] +4") = [] ———— (1-49 = a rot = ¥ PO,n)q". 
n=0 n=1 n=1 ae n=1 n=0 


The key to our proof lies in a combinatorial interpretation of []@ 
(1 — q?")((1 — q"). Namely, we write 


n=1" 


En) = “Y= IF 
Bibs bby 


where the summation is over all representations of n of the form 
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n=a,t'+4,+b, 4° +b, a,>o>a, b> 2b, (9.2.1) 


and each a, is even. Now each ordinary partition x = (C,C,°+:C,) may be 
rearranged to yield several representations (9.2.1). In fact, if m is the number 
of different even C,, then the contribution of z to E(n) is precisely 


m m m (™ 1 if m=0, 
1-(T)+(3)-(S)4-te (=\ropeee if m> 0. 


Consequently x contributes | if all parts are odd and 0 otherwise. Therefore 
E(n) = p(@, n). 


Next we note that since each a; is even in (9.2.1), we may write a; = 2a,, and 
thus our representation is equivalent to 


n=@ t::'+o,+0, $::' +a, +B, +°°°4+ 5, 
a > >a, by Bi 2b. (9.2.2) 


Now each ordinary partition x = (C,C,°--C,) may be rearranged to yield 
several representations (9.2.2). In fact, if m is the number of parts of 7 that 
occur with repetition, then the contribution of z to E(n) is precisely 


(0) eerGefi ance 208 

I 2 3 m (q-1"=0 if m>O. 

Consequently, z contributes 1 if all parts are distinct and 0 otherwise. Hence 
E(n) = p(Q, n), 

and thus p(0, n) = p(B, n) (= E(n)), as desired. a 


The foregoing argument may be easily extended to numerous other results, 
such as Corollary 8.6. Our next result utilizes a truncated inclusion-exclusion 
argument. 


THEOREM 9.2 (Sylvester) 


= 1y'xtg?t@rt OQ _ xq?"*!) 
(@Qilxq"* Yoo 7 


1. (9.2.3) 


he 


Remark. Theorem 9.2 is easy to establish from the results in Chapter 7. 
In fact, the left-hand side of (9.2.3) is just J, )(0; x; q) and by Lemma 7.2, 
J, (0; x; 4) = J, ,(0; xq; q). Hence 


J, ,4(0; x3 q) = J,,1(0; xq™3 q) > J, 0;q) = 1 as Nao. 
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Proof. We shall examine the left-hand side of (9.2.3) as the generating 
function for 
CM,N)= Ya 


#(x)=M 
a(x)=N 


and our object will be to determine the weighting factor «,. 
The left-hand side of (9.2.3) is 


a, qinerh ; 1 


2 _— 1)" a 
2, | Ge (q), (xq"*"),, 


n 


S (—aptigntiginn ie GeTY A (9.2.4) 
+ oi e x" q Se Sees het 
p> (q)”— (xq"*"), 


and the approach used in the combinatorial proof of Eq. (2.2.9) at the end 
of Chapter 2 shows that x"g”-q#?@*)/(q), is the generating function for all 
partitions with n parts, all distinct and each > n. Hence 


4n(n+ 1) 1 
(,  (xa"*")a 


generates representations of integers N as follows: 


x"g" q 


N =a, + a, +:::+ a, + by +:°++ 5, (9.2.5) 


wherea, > a, >'':> a, >n,b, >:::> b, > nwiths arbitrary. Now each 
ordinary partition x whose smallest part is m and that contains ¢ different 
integers can be broken into representation (9.2.5) in numerous ways merely 
by selecting a subset of size n of the t possible choices for the a;. Hence, the 
(— 1)” factor in the first sum in (9.2.4) means that the total contribution of z 
to the first sum is 


=G)eG)—-reof ee ml) 


The second sum in (9.2.4) is very much the same as the first except now the 
representations of N generated are 


N=a, +a, 4°'+a,¢+(n +1 +b, 4+°::+b, (9.2.6) 


where a; > a, >''' >a, >n+1,b, 2:+: > b, > n with s arbitrary. 

In this instance, each ordinary partition x whose smallest part is m and 
that contains ¢ different integers (some or all of these f¢ integers may occur in 
m with repetition) can be broken into several representations (9.2.6); namely, 
provided that m = n + 1, exactly 
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t—1 t-1 

n ~\m 1 
choices may be made for the a;. Hence x contributes only to the term of the 
second sum in (9.2.4) with n = m — | and its contribution to this term is 


(- Tce 


Hence the total contribution of a partition z with smallest part m is 


t t OY Se goat 
1 ()(Jverm (Soe ur(Qai) =e 


Hence for 


C(M,N)= > a, 
#(n)=M 
a(n)=N 
we see that the weighting factor , is zero if x has a smallest part m. Thus the 
only partition that can have a positive weighting factor is the empty partition 
of zero whose weighting factor is clearly |. Therefore 


1)"x’ m quer = xq?**!) 


w= C(M, N)x™q" 
(gdxa"*') oe 


ae ee 
x 
n=0 
= C(0,0) =1. a 
9.3 A Sieve for Successive Ranks 


As we know, any partition may be represented by a Ferrers graph. For 
example, (7 75 3311 1) has the representation 


In 1944, F. J. Dyson defined the rank of a partition as the largest part minus 
the number of parts. Thus the rank of the preceding partition is 7 — 8 = — 1. 
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Later, Atkin defined the successive ranks of a partition. One can view the 
graphical representation of a partition as a set of nested right angles of nodes. 
The partition (7 7533 1 1 1) may be viewed as three such right angles 


If x is a partition, we define rf) as the number of nodes in the horizontal 
part of the ith right angle in the graph of z minus the number of nodes in the 
vertical part of the ith right angle. Thus if z is (7753311 1), then r(x) = 
7-8 =— Irn) = 6-4 =2,7r,(x) = 3 — 3 = 0. 

Our interest lies in the “‘oscillation” of the ranks between certain positive 
and negative bounds. 


DEFINITION 9,1. Let ft be the largest integer for which there exists a sequence 
di <j <¢'+ <j, such thatr, (x) > 2k —i- Lyra) < -(i- 0,7,,(0) > 
2k — i — I,r,(x) < — (i — 1), and so on. We define A to be the (k, i)-positive 
oscillation of x. 


DEFINITION 9.2. Let g be the largest integer for which there exists a sequence 
ji <j2<°++ <j, such that r, (2) < —(i— 1), r;,(2) > 2k —i - 1, 7,0) < 
— (i — 1), r(x) > 2k — i- 1, and so on. We define g to be the (k, i)- 
negative oscillation of 1. 


If x denotes the partition (7 7 5 3 3 1 1 1), then the (1, 1)-positive oscillation 
of zis 2, the (2, 1)-negative oscillation of zx is 1. 
Our interest centers upon partition functions related to these oscillations. 


DEFINITION 9.3. Let p, (a,b; u; N) (resp. m,(a, b; uw; N)) denote the 
number of partitions of N with at most b parts, with largest part at most a, 
and with (k, i)-positive (resp. (k, i)-negative) oscillation at least p. 


To these partition functions we associate the related generating functions 


P, fa, b; u3q) = Y Px (a, bp; N)q”, (9.3.1) 
N>O 

M, Aa, 6; ws q) = > m, (a, b; pw; N)q. (9.3.2) 
N>O0 


We next shall derive recurrences for these functions that will allow us 
to identify them with expressions involving Gaussian polynomials. We start 
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by noting the obvious close relationship between negative and positive 
oscillation. 


Lemma 9.3. The (k, i)-positive oscillation of x is either 1 larger or 1 smaller 
than the (k, i)-negative oscillation of nr. 


Proof. Let j, < jz <‘*:< j, be the sequence related to the (k, i)-positive 
oscillation as given in Definition 9.1. Either there does exist a jg <j, such 
that r,(a) < — (i — 1) or there does not. In the first case, we see that the 
(k. i)-negative oscillation is 1 larger and in the second case it is 1 smaller. 


Lemma 9.4. The following recurrences hold for p > 1: 
m, (a,b; u;N) — m, (a — 1,6; 5 N) 
— m,, {a,b — 154; N) + m_ {a — 1,6 — 1545) 


m, {a—1,b—-—1;n;N-a—b+1) if a—-b>-(i-)}), 
~ (pyfa —1,b-1;n-1;N-a-—b +1) if a-—-b< -—(i-1); 
(9.3.3) 


Px, (a, bs uN) — py,fa — 1,6; ns N) 
— Pra, b — 15 Hs N) + pada — 1b — 13 45.N) 


m,(a—1,.b-1sp—1;N-a—b4+1) if a—b>2k-i-1, 
~ [pda -—1,b-1sp;N-a-—b+1) if a—b<2k—-i-l. 


(9.3.4) 


Proof. Let us start by examining the left-hand side of (9.3.3). The expression 
m, (a, b; np; N) — m, {a — 1, b; uw; N) denotes the number of partitions of 
N with at most b parts, with (k, i)-negative oscillation at least yp, and with 
largest part exactly equal to a. Therefore, the expression 


(m, fa, b; ws N) — m, fa — 1, bs 3 N)) — (m, fa, b — 1; uw; N) 
— mfa — 1, b — 1; 4; N)) 


(which is the left-hand side of (9.3.3)) denotes the number of partitions of N 
with exactly b parts, with largest part exactly a, and with (k, i)-negative 
oscillation at least p. 

We now transform these partitions that are enumerated by the left-hand 
side of (9.3.3) by deleting the largest part (namely a) and subtracting | from 
each of the b — 1 remaining parts. In terms of the graphical representation, 
we have removed the outer right angle of nodes from each partition. The 
transformed partitions are partitions of N — a — b + | into at most b — 1 
parts with largest part at most a — 1. 
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Suppose first that a — b > — (i — 1); then the removal of the outer right 
angle of nodes from the graphical representation has no effect on the (k, i)- 
negative oscillation, which is still equal to ». Consequently our transformed 
partition is of the type enumerated by m, (a — 1,b — 1; 4;N -—a—b+1). 
Since the foregoing procedure is clearly reversible, we see that if a — b > 
— (i — 1), then 


m, fa, b; pw; N) <= m, (a -1, b;y3n) = m,, (a, be 133.) 
+ m,, (a — 1,6 —13p;N) 
=m, (a—1,b—1;p;N—a—b +1). 


Therefore the top half of (9.3.3) is established. 

Now suppose that a — b < — (i — 1); in this case, the removal of the 
outer right angle of nodes from the graphical representation may affect the 
(k, i)-negative oscillation. In fact, the resulting partition is now characterized 
by the fact that it has (k, i)-positive oscillation at least # — 1. Thus the 
transformed partitions in this case are of the type enumerated by p, (a — 1, 
b—1;n—-—1;N —a— b + 1). Again the transformation used is reversible. 
Therefore if a — b < — (i — 1), then 


m, (a,b; w;N) — m,,{a — 1,6; ;N) — mya, b — 13p3N) 
+ m,(a —1,b —1;y;N) 
= m,(a—1,b-1;4-1;N-a-—b +1). 


Therefore the bottom half of (9.3.3) is established. 
We omit the proof of (9.3.4) since it perfectly parallels the proof of (9.3.3) 
with the roles of (k, i)-positive and (k, i)-negative oscillation interchanged. J 


It is now a simple matter to translate Lemma 9.4 into relations among the 
generating functions. 


CorOLLAryY 9.5. For each p > 1, 
M,, fa, bs us q) — M,,fa — 1,3 w3 9) 
— M, (a,b — 1; 434) + M, fa — 1,b — 15454) 


atp-1 |Me.€a — 1,6 - 13 459) if a—b>-(i-1), 
oe Pda —1l,b-l;u-154) if a—-b<—-(i-1) 


(9.3.5) 
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P, fa, bs 23 q) — Pyfa — 1,63 439) 
— P,,(a,b — 13434) + Py(a — 1,6 — 15459) 


ae M, {a — 1,6 — 1; — 154) if a—b>2k-i-1, 
re P,.da — 1,6 — 1334) if a—-b<2k—-i-1t. 


(9.3.6) 


Proof. Comparing coefficients of q™ in these identities, we can establish 
these results directly from Lemma 9.4. @ 


Lemma 9.6. The following relations hold: 


a+b 
P, {a, b;0; 4) = M,,a, 6,0; q) = a |? (9.3.7) 


and for p > 1 


P, (0, b; uw; q) = P, fa, 0; uw; q) = M,.(0, b; uw; 4) 


M,,{a, 0; pw; q) = 0, (9.3.8) 


where [?+"] is the Gaussian polynomial discussed in Section 3.2. 


Proof. For (9.3.7), we observe that all partitions have (k, i)-positive and 
(k, i)-negative oscillation at least 0. Hence P, (a, b; 0; q) and M, (a, b; 0; q) 
are each the generating function for partitions with largest part at most a 
and with at most b parts. By Theorem 3.1, this generating function is [**°]; 
thus (9.3.7) is established. 

As for (9.3.8), we observe that only the empty partition of 0 has either no 
parts or no largest part. Since the empty partition of 0 has 0 for all of its 
(k, i)-oscillations, we see that the generating functions appearing in (9.3.8) 


must all be identically 0. - | | 
LEMMA 9.7. 
,[4+ 8 ,|4+ 8-1 Pa oi a ae | ,|4+B-2 
Tlp—-x|~7| p-x |~7 |p—x-1]*? [pB-x-1 
A+ B-~-2 
a A+B-1_L ‘ 
=o le eed 


Proof. By (3.3.3), we see that 


[4+ B [4+ 8-1 [4t+B-1 [4+ B-2 
GS | cay Or) ay apt IE i es Ph ee 
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a pte SPE) eeu ee 
B-x-1 B-xX-2 
A+B-2 
— 7LEt+At+B-1 


Lemma 9.8. For each integer r > 0, let 


Ld _ ght AtTt Dy a + ] 


A,r; X, Y, L) = q* ————_____-——- 
SC ) q (a as qAtrt!y A + Y 
4 F ghtatresea — FAFA 2A + X $5 ; 
jz a — gAt¥tly A+t+Y-1 


Then for each integer r > 1, 
f(A, r; X, Y, L) — f(A, r — 1;.X, ¥, L) — f(A - 1,r +1; X, Y, LZ) 
+ f(A — 1,r; X, ¥, LD) 
2A+X4+r— ‘ 


cual 


aa A+Y 
Proof. 
(A,r; X, Y, L) —f(A,r _ 1; X, Y, L) 
= gitnAatyey 2A +X 
‘ A+tY 
rod 2A4+X+ 7 
+ L+AFY4jt24(r—j-2)(AFY41) . 
4 A+Y-1 


j=0 
Also, by repeated application of (3.3.4), we see that 
2A4tX4r— ‘ 


L+2A+2Y+r 


: A+Y 
5S quatVths2A42¥ tr 2At+X+r—3-j 
j=0 A+Y-1 
ae qh traterere eo 2MAen 2A 3 x 
A+Y 
AS gti Datnente 2A+X+j 
j=0 A+Y-1 


+ gi tatty 2A +X 
A+t+Y 
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=P ght atrestasens-niasren 2A +X +i 
j=0 A + Y- 1 
2A + | 


L+(A+Y¥41) 
+4 P ey 


Therefore, combining these two results, we derive that 


2A+X+r—2 
A+Y 


f(Avr3 X,Y, LDL) -— f(A,r — 154, ¥, LE) — | 


+ f(A — 1,r;X, Y,L) 


2A+X+r—2 
A+Y-1 


— qLt+AtYier 
ip | 


|+ sat, Y, L) 


r-1 
A+Y-1 
= a ) 


ew 
j=9 


A+Y-2 


Me xaal 


r(A+Y¥-1) 
+4 oe rei 


+ f(A — 1,r; X, Y,L) (by repeated application of (3.3.4)) 


r 


-1 
Y ghtAatttrt(e-1-jMAt¥= 1) 
j=90 


AeA 
Ad Y¥=2 


2A + X—2 


L+(r+1y(atY) 
ea i ey ea 


Jas —1,r; X, Y,L) 


Ld - ee ae VE i 


(i — q4t’) A-1+Y 
+ °F ghtatrest (I — qe) ™A- 14+ X+j 
j= (i — q4t’) A-1+Y-1 
= f(A —1,r+1;X, Y, L). B 


We are now prepared to prove the main theorem on generating functions 
that will be essential to our sieve. 


THEOREM 9.9. If b = a ora — land k >i > 0, then 


a+b 


b — (2k + Lp O29) 


M, Aa, b; 23 q) = gtt(4k+ 2)n+ (2k- 21+ 1) | 
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a+b 

| * eee Ie = (2a 1)((2k + 1) a (2k- 14+ 1)) ; 
Eiger ad pee eat 
(9.3.10) 

a+b 

fa. be Que qd) = qh(4kt 2e- (2k~ 2141) : 3AL 
P, fa, ’ 2h; q) q E + (2k 4 el (9 ) 
a+b - 

: — eg) = gi2#7 Ize + Da . 3. 

P, (a,b; 2p — 134) =4 , ORAM Aid | (9.3.12) 


Proof. We first note that the recurrence relations (9.3.5) and (9.3.6) together 
with the initial conditions (9.3.7) and (9.3.8) uniquely determine M, a, b; 2; q) 
and P, (a,b; ;q). We now define new functions M,*(a, b; #3 q) and 
PE (a, b; #3q) in terms of Gaussian polynomials. Our object is to identify 
these new functions with the generating functions being considered. 


a+b 
* . ‘ a qh(4k + 2)p + (2k- 214 1)) : 
Mya, b; 2n3q) =4 , _ Qk + je (9.3.13) 
fora-—b>-(i- 1); 
a+b 
* 5 deg) = gl2en (2k + 1a (2k- 14+ 1)) 
cea ane ferro 
(9.3.14) 
fora —b > — (i ~ 1); 
p* (a b: 2p; q) = qh(ak+ 2) (2k— 25419) at b (9 3 15) 
k,iU, Us ’ a= (2k tee Du J, 
fora—b< 2k -i; 
a+b 
Ps, On — Leg) = git#n eat Dana 3 
f(a, b32u — 134) =4 , Seni | (9.3.16) 


fora ~ b < 2k -i; 


Mia —1lati-1+r;2u;q) 


(r+ 2)(at i= 1 —(2k4 1D) 
((4k+ 2) + (2k- 214 -1)) (i -—q" *’) 


1—q 


=4 


at+i-1—(2k+1)p 


2a + sia 3 + y qhiaks 2yut (2k 214 I) tat l= (Akt Dat J 


* 
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sh ge POT CT a 34 sche 
b— gti Gee lg G3 2k ED O19) 
forr> —la>l,p>t; 
Méfa —1l,ati-1l4r;2u—- 1:4) 
we gl 2#~ C2 Dye (2k H+ My (LGM OH DET) 
ad = gq? (2k* Let 2ky 
2a+i-3 
a—(2k+1)p+2k—-1 
+ gle 1)((2k+ 1) — (2k— 14 1)) Fa— (2k 4+ W)pet 2k4+ 149 
J=0 
. (al ifs ae ee) 2at+i-3 +j 5 

(1 — ge ate La — (2k + Ie + 2k—2| 3-18) 


forr> —la>l,p2>il; 


PE({b + 2k —i—147r,b —152p;q) 


(r+ 1)(b+ 2k- 1-(2k+ 1)p) 
w((4k+2yn-(2k- 21419 CL — ger ae 
q ii gq? 2k-i-(2k+ 1) 


2b+2k—-i-2 
* |b + 2k -—§-1-Qk + Dp 


r-2 
+ y qtAkt 2)a~ (2k 214 1) (2k+ Det b+ f+ 2k- EFI 


j=0 
(i = gt F7 Wht 2k— I~ (2k+ yay 2b + 2k = i = 2 +f 
: - ght 2k i (2k+ ty) a 42k —§-2—(Qk+ Dp 
(9.3.19) 


x 


forr>O,b2>1,p21; 


Pi(b + 2k —i-—1l+r,b — 132-134) 


aes aech a _ gh * 106+ 2k (2k + 1)8)) 
i q?* 2k (Gk+1)a 


=4q 


4 ITS 2 
* |b + 2k —1—(2k + Dp 


ISBN 0-201-13501-9 
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r-2 
+ y g (28 1M(2k+ tye D- (BkA Dt DES FRE 
J=0 


(a = ql I7 b+ 2k (2k+ Day 2b + 2k -—i-2 +j 
a i ght tka (2k+ Dn 


b+2k—2—(2k+ - (93:20) 


forr>0,b>1,p2> 1. 


Finally 


a+b 
ME.Aa, 65034) = Pra, b305q)=] 2 |- (9.3.21) 


We first observe that the initial condition (9.3.7) is prescribed in (9.3.21). 
Furthermore, if either a or b is set equal to zero in Mf a, b; u; 4) or 
Pi (a, b; u;q), with » > 1, then inspection of the appropriate defining 
equation among (9.3.13)-(9.3.20) shows that the resulting function is identically 
zero. Hence the initial conditions prescribed in our Lemma 3.3 are satisfied 
by Mf (a, b; uw; q) and PF (a, b; u; q). 

We now shall examine the recurrence relations (9.3.5) and (9.3.6). The 
top line of (9.3.5) and the bottom line of (9.3.6) follow in each case by applying 
Lemma 9.7 to the appropriate expressions among (9.3.13)-(9.3.17). Finally, 
in the notation of Lemma 9.8, we see that 


Mi fa —1,a4+i-1+475;2u;q) 
=f(ar t+ lii- ti —2-(2k + Dy, (4k + Dy? + Qk — 2+ Dy) 
(9.3.22) 
foraz>ti,r>—I1,p>0; 
Mf fa —l,at+i-14+7r;2n—- 13) 
= f(a,r + 1;i —3,2k—1—Qk + Dy, Qu — 1N2k + Du —2k+i—1) 
(9.3.23) 
foraz>li,r>-—I1,p>0; 
Pf (b+ 2k —i-14r,b—152p3q) 
= fi(b,r32k —i—2,2k-—i—1—(2k + Vu, (4k + Dy? — (2k —2i + 1p) 
(9.3.24) 


forb>1,r>0,yn>0; 
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P* (b+ 2k —i-—147,b— 1,22 154) 
= f(b, r3 2k — i — 2,2k — 1 — 2k + Dy, Qu — Ik + De — dD), 
(9.3.25) 


forb>1l1,r>0u>0. 

It is now simply a matter of inspection to verify that Lemma 9.8 implies that 
the bottom line of (9.3.5) and the top line of (9.3.6) hold for M¥ (a, b; u; q) 
and Pf (a, b; w; q) if u > 0. 

Thus we have observed that Mf (a,b; u;q) and Pf (a, b; 1; q) satisfy 
(9.3.5), (9.3.6), (9.3.7), and (9.3.8); and since these four equations uniquely 
define M, (a, b; uw; q) and P, (a, b; yw; q), we see that 

P,,{a, b; uw; q) = Pf fa, b; uw; q) (9.3.26) 
and 
M,, Aa, b; n; 4) = ME fa, b; pq). (9.3.27) 


Equation (9.3.9) now follows from (9.3.13) and (9.3.27); (9.3.10) follows from 
(9.3.14) and (9.3.27); (9.3.11) follows from (9.3.15) and (9.3.25); finally, 
(9.3.12) follows from (9.3.16) and (9.3.26). || 


DEFINITION 9.4. Let py ({u; N) (resp. m,.(u; N) denote the number of 
partitions of N with (Kk, i)-positive (resp. (k, ’)-negative) oscillation at least p. 


DEFINITION 9.5. Let 
P, {#5 q) = ys Px, ABS N)q”, M, du; q) = > my (HS N)q”. 
N>0 N>0 


THEOREM 9.10. The following relations hold for |q| < 1. 


u((4k + 2) t+ 2k—-2i4+1) 


q i 
M, (23 q) = “--——.-———, >0; (9.3.28 
(243 9) ia, H ( y) 

gt DEE Dex 2k4T> 1) 
M,,{2u — 134) = : u>O0; (9.3.29) 

(9) co 
u((4k+ 2) — 2k+ 23-1) 
P, {23 q) = -— ; >0: (9.3.30 
Kk A2HS q @: u ( ) 
qi2#— MGK+ Da-b 

P, (2p — 134) = ——_._———_ p>. (9.3.31) 


(9) 0 : 
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Proof. First we observe that for |q| < 1, 


IP,,59—-Prfaasusal< ¥ pind" +0 as aaa 
nzatil 


and 


IM, (#349) — My fa,as;n;gl= ¥ pili" +0 as aroo 
1 


n=at 


where p(n) is the ordinary partition function. Finally 


aco az (9) 0 
Consequently (9.3.28) follows from (9.3.9), (9.3.29) from (9.3.10), (9.3.30) 
from (9.3.11), and (9.3.31) from (9.3.12). a 


Now we introduce the partition function that arises from our sieve technique. 


DEFINITION 9.6. Let Q, {n) denote the number of partitions 2 of n such 
that — (i — 2) < ra) < 2k — i — 1 for each of the successive ranks of z. 


The following lemma is the inclusion-exclusion aspect of our sieve. 


Lemma 9.11. For each integer n > 0, 


1,4) = pu,dOsn) + ¥ 


hee I'm, (us n) + 3 (— 1)", (Hs 2). (9.3.32) 
“# u=1 

Proof. First we remark that Q, ,(n) counts the set of all partitions of n 
that have 0 as (k, i)-positive oscillation and 0 as (k, i)-negative oscillation. 

On the other hand, the right-hand side of (9.3.32) is a weighted count of 
the partitions of n. First suppose z is a partition of n with 0 as (k, i)-positive 
and (k, i)-negative oscillation. Then x is counted once by p,,,(0; ) and not 
at all by each of m,,{u; n) and p, {#; 7) for each p > 0. Next suppose that 
n is a partition of n with (k, i)-positive oscillation r > 0. By Lemma 9.3, 
the (k, i)-negative oscillation of z is either r — 1 orr + 1; if r — 1, then the 
weighted count for z is 


r—-1 Fr r-1 r-1 
14+ (-p'+ ¥YC- IfM~=1+ PV (- iy -¥(- 1)* = 0; 
ae | n=l ual n=O 
if r-+ 1, then the weighted count for z is 
rt+1 r r r 
1+ )¥(- 18 + Y(- yt = 1 - YL (- * + V(-  = 
wal wal (i) pal 


fas 
Finally, if the (k — i)-positive oscillation of z is 0 and the (k, i)-negative 
oscillation is 1, then the weighted count of zis 1 — 1 = 0. 
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Thus we see that the right-hand expression in (9.3.32) counts once each 
partition of n with 0 as (k, i)-positive and (k, i)-negative oscillation, while it 
counts 0 for each of the other partitions of n. Consequently the right-hand 
expression in (9.3.32) is just equal to Q, ,(n). B 


THEOREM 9.12. Recall that A, (n) denotes the number of partitions of n 
into parts that are not congruent to 0, + i(mod 2k + 1). Then for 0 < 
i< kand for eachn>0 

A, {n) = Q,,(n). 

Proof. By Lemma 9.11, we see that 


> Q,.,.(1)q" 
n=0 


a 


=F py,(0; nq" + F(— OY mus dg + SY dag" 
n=0 n=0 ual =0 


n=l n 
= Py (0:4) + ¥(— LYM, Aaig) +O (— Py, An @) 
ual u=l 
= 3M, (2034) — ¥ My (2H — 1:4) + YS Pa Qusa) 2 YP 2H 14) 
ul aol ne a= 


2 ao 
= ~1 ((4k4+2)u+ 2k—- 2141) (2a- 1)((2k +1) —2k+4-1) 
= (9) {3 o" ‘ = a ‘. 
a=l ual 
~ 2 2k+2 = 2, 2 t 
4k+ 2)y—-2k+21-1) —1)(2k+ Ie) 
Sie Se ae ya ae a foes ) # 
u=0 a=1 
+o) 
= (q)z! ¥ gree riize=2kt eI 1) 
+o) 


=~ 00 


= y qi@e- Wak+ 1)(2p- cae 
u=— co 


=(q)z' Yo (= iti tet inn 242i 


= (q)z' ane = gmt DAK ING = q(2kt Dat hey t.4 q(2k+ Im 1) 8) 
m=0 
(by Jacobi’s identity, Theorem 2.8) 


- TT d-a 
=1 


n= 
n#0,t+1(mod2k +1) 


= ¥ A, Anda". 


n=0 
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Hence comparing coefficients of q” in the identities above, we see that 


Ax,An) = 4,4") 


for each n > 0. | | 


It is very easy to show that Q, .(n) = B, ,(n) and Q2 ,(n) = B, ,(n), and 
then Corollaries 7.6 and 7.7 (the Rogers-Ramanujan identities) follow 
directly from Theorem 9.12. 

To prove that Q, 2(n) = B, ,(n), let us consider a partition z of the type 
enumerated by B, ,(n), say 1 = (C,C,°--C,), where C, — C)4, > 2. Weform 
a graphical representation of z as follows. The ith part of 2 is represented as 
the ith right angle in a graphical representation where if C, = 2s + 1, the 
angle is 


s+i 


and if C, = 2s, the angle is 


s+l 


Since C; — C,,, > 2, these angles do indeed form the successive angles of a 
graphical representation of a partition, and clearly the successive ranks are 
either zero or one. Thus a partition of the type enumerated by Q2,,(n) is 
produced. The foregoing procedure clearly establishes a one-to-one cor- 
respondence between the two types of partitions, and therefore Bz (n) = 
Q2,2(n). 

To prove that B, ,(n) = Q2,,(n) we follow the same procedure except that 
now for parts C, = 2s + 1, the angle is 


s+2 


eo ee" 
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The argument proceeds as before with the only difference being that now an 
angle with only one node in it cannot arise, and this is precisely the difference 
between B, ,(n) and B, ,(n). Thus Bz ,(n) = Q2 ,(n). 

There are several questions of interest that arise naturally from this work. 


Question 1. Can a direct graphical proof be found to show that B, (n) = 
Q,,a(") in general? 


Question 2. Are there sieves that can be used in studying some or all of the 
partition functions found in Chapters 7 and 8? 


Question 3. We can directly deduce from Theorem 9.10 that 
wy (ils n) = p(n — w((4k + 2)u + 2k — 27 + 1D), 
m,,(2u — 1; n) = p(n — (Qu ~— 1)(2k + Iu — 2k + i — 1), 
Py, (2H5 n) = p(n — w((4k + 2)y — 2k + 23 — 1D), 
Py (2H — 150) = p(n — (Qn ~ I(2k + Dp — 3). 


Are there direct combinatorial proofs of these relations? 


Examples 


1. The inclusion-exclusion method used in the proof of Theorem 9.1 may 
be employed to provide combinatorial interpretations and proofs of many 
elementary infinite product identities, such as 


es -9)_ 4, MeO =9"9 _ Fea ne 


OE ee ae ie 


ITP, - 4”) nai (1 — q”) n=1 


2. Let €,(n) (resp. &,(n)) denote the number of partitions of n into distinct 
nonnegative parts with smallest part even and an even (resp. odd) number of 
even parts. Then 


0 if nis not a square, 
ly) atn) = 1 if nis a square. 
For example, when n = 9 the five partitions enumerated by ¢,(9) are8 + 1 + 0, 
74+24+0,64+3+4+0,5+4+40,4 + 3 + 2, while the six partitions enu- 
merated by ¢,(9) are9+0,74+2,64+24+1+4+0,54+4,54+341+449, 
4434240. 
The related generating function identity is 


bee) 


LPG AH q)o= ya" 


n=0 m=0 
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This analytic assertion is quite easily proved (e.g., in Corollary 2.3, replace q 
by q?, then set c = — q, a= 0, t = q?, and let b> 0). Actually we can 
combinatorially prove each step in the following analytic argument: 


Y (e(n) — €-(n))q" 
n=O 


a ms q?"(q?"*?; q)o( — q?"*'3 47), 
n=0 


= (97397 )o ¥. hgh, qt q)z (use Example 1) 
n=0 > in 


2n 00 q™ +2nm 


= (97:9). 5 2 x 


a= 0(q a sme 0 (q? 597 )m 
q” 1 
2m+2. 


(see Example 17, Chapter 2) 


= (473 4") ae 


; (see Example 17, Chapter 2) 
m=0 ae > Yn (q 


5D eo 
ay q™ (use Example 1). 
3. The work in Example 2 can be generalized by means of the identity 


> q7k(g2kn* 2k q"")..(— qzintt. q 2), 
n=0 


= 1 +¥qgrTdtgtqett q&" 4), 


n=1 j=l 


4. The identities (here [x] is the greatest integer function) 


a 1 | 


j20 J 

0 n+1 

os J igtt4t 1) ~2aa 

Pe a a idte tee cs 


A=— 0 


(a=0 or 1), 
and 


SO yap daaty n+1 
mf Gta 3% 


are both deducible from Theorem 9.9. The sieve used in Theorem 9.12 is 
now applied directly to the generating functions in Theorem 9.9, The case 
in which a + b= n+ 1,k = 2,i =2 — a essentially yields the top result; 
the case in which a + b = n + 1, k = i = 1 yields the second result imme- 
diately. 
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Notes 


In the late nineteenth and early twentieth centuries, K. T. Vahlen (1893) 
and L. von Schrutka (1916, 1917) undertook an extensive study of partitions 
from the point of view taken in Section 9.2. The theorems we have chosen 
come from Andrews (1969, 1975). 

The work in Section 9.3 also comes from Andrews (1971, 1972a). Such 
results were discovered in an effort to obtain a combinatorial interpretation 
of Schur’s (1917) analytic proof of the Rogers-Ramanujan-Schur identities. 
Reviews of recent work related to this area may be found in Section P68 
of LeVeque (1974). 

Example 1. Vahlen (1893), Andrews (1969). 

Example 2. Andrews (1972b), Stenger (1973). 

Example 4. Schur (1917), Andrews (1970, 1971, 1972a). 
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CHAPTER 10 


Congruence Properties of Partition 
Functions 


10.1 Introduction 


In Chapter 5 we observed what remarkable fruits arose from the Hardy— 
Ramanujan collaboration. Out of this effort also arose Ramanujan’s amazing 
discoveries about divisibility properties of p(n). The following words of 
Ramanujan describe his famous conjecture on this topic: 


A recent paper by Mr. Hardy and myself contains a table, calculated by 
Major MacMahon, of the values of p(n), the number of unrestricted parti- 
tions of n, for all values of n from 1 to 200. On studying the numbers in 
this table I observed a number of curious congruence properties, apparently 
satisfied by p(n). Thus 


(1) p(4), p9), p(l4), p19), ... = 0(mod 5), 
(2) p(5), p(12),  p(19), p(26), ... = O(mod 7), 
(3) p(6),  p(17),  p(28), p39), ... = O(mod 11), 
(4) p(24), p(49), p(74), p(99), ... = 0(mod 25), 
(5) p(19), p(54), p(89), p(124),... = 0(mod 35), 
(6) p(47), p(96), p(145), p(194),... = 0(mod 49), 
(7) p(39), p(94), p(149), ... = 0(mod 55), 
(8) p(6l), p(138), ... = 0(mod 77), 
(9) p(116), = 0(mod 121), 
(10) (99), = 0(mod 125). 


From these data I conjectured the truth of the following theorem: 
If 5 = 5°7°11° and 244 = 1 (mod 5), then 


P(A), p(A + 6), p(A + 26),...= 0 (mod 6). 


This theorem is supported by all the available evidence; but I have not 
yet been able to find a general proof. 


Ramanujan then presents in this same paper proofs of the congruences 


p(n + 4) = 0(mod 5), (10.1.1) 
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p(7n + 5) = 0(mod 7), (10.1.2) 
and he sketches proofs of the results: 
p(25n + 24) = 0 (mod 25) and p(49n + 47) = 0(mod 49). 


In connection with these congruences, Ramanujan proves a number of 
identities related to the partition function, such as 


y p(Sn + 4)q" =5 i ase (10.1.3) 
= — 4") 


a result considered by G. H. Hardy to be an example of Ramanujan’s best 
work. 

The consideration of Ramanujan's full conjecture on the congruence 
properties of p(n) produced a nun’ onrtial results, such as those of 
Ramanujan described earlier. In the 1930s, S. Chowla noticed (from the 
examination of an extended table of values of p(n) due to H. Gupta) that 


p(243) = 133978259344888  0(mod 7°); 
however, 
24-243 = 1 (mod 7°). 


Hence Ramanujan’s conjecture as it stands is false. G. N. Watson showed in 
1938 that a modified version of the conjecture was true for all powers of 5 
and 7, and in 1967 (48 years after Ramanujan originally published his con- 
jecturc) A. O. L. Atkin proved the full modified conjecture: 


If 5 = STPAUS and 242 = 1 (mod 4), then p(A) = 0(mod 527864 20/21] 19), 


In this chapter, our object is to obtain an understanding of the analytic 
methods that have been most effective in attacking such problems. Some form 
of the Hecke operator almost always appears in the analytic considerations, 
and in Section 10.2, we shall see that such operators suffice to yield 
Rédseth’s proof of the Churchhouse conjecture on binary partitions. 

As for Ramanujan’s conjecture, we shall content ourselves with the powers 
of 5, and we shall present a simplified version of Watson's original proof due 
to Atkin. This proof has received an excellent presentation in M. I. Knopp’s 
book, Modular Functions in Analytic Number Theory (1970); our version 
differs primarily in the fact that it is less complete. In particular, properties of 
p(n) that rely primarily on the fact that )y>o p(n)e?"™™ = e™!!2(n(1))~! 
(where n(t) is a modular form) would require extensive preliminary work, 
which would be much more appropriate in a book on analytic number theory 
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or elliptic function theory (Knopp’s book cited above, e.g.). Thus in Chapter 5 
we assumed the truth of (5.2.2), which is a disguised form of the relation 
describing the behavior of n(t) under the action of the modular group. In 
this chapter we shall assume (10.3.1), the modular equation of fifth degree. 
After obtaining Ramanujan’s conjecture for powers of 5, we shall conclude 
this chapter with a brief discussion of the Dyson conjectures (proved by 
Atkin and Swinnerton-Dyer in the 1950s) which provide combinatorial 
interpretations of (10.1.1) and (10.1.2). 


10.2 Rédseth’s Theorem for Binary Partitions 


We begin with some elementary remarks about certain operators closely 
related to the Hecke operators: These operators U,, are defined on all func- 
tions f(q) = a,q" meromorphic around q = 0 and are given by 


n= — 0 


Un(f(Q)} = Yo agra”. 


n=—@ 


Thus if p = e?"/", then 


U,,f(4) = © (fain) + f(pq'™) +--+ + f(p™"q"/™)), (10.2.1) 


since 


mot i m if r= Qmod »), 
» aaa (1 if r 4 Omod m). 


Clearly U,, is a linear operator. 

The type of partitions we shall be considering in this section are binary 
partitions, that is, partitions in which the parts are all powers of 2. Thus the 
six binary partitions of 7 are (124), (1°4), (12°), (1°27), (1’), (21°). 

We denote by b(n) the number of binary partitions of n, and we let 


Bq) = ¥ Wn)q" = J] — 42"). 
n=0 n=0 


Next we define a sequence of functions for m > 1, 


F Aq) = (U,"*! _ U,”~*)B(q) 
= ¥ (b(2"* a) — b(2"7'n))q". (10.2.2) 
n=0 


First we have 
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F (q*) = (Uz* — U,)B(q*) = ¥ (b(4n) — B(n))q"* 


n=0 


3 
=} Y Bli/g) — B(q*) 


() 1 3 
Fal (1 - ok a —7i a al 1 


{i it 3 (1 + Hq + i247) |- 1 


‘i 


to \4 (1 — q*)? 


Il 


“es al 201 — a 


a Rat ee 
(1 — 9*)* .=3(1—q?") 


(1 + q* — 1 + 2q* — q®) 


Hence 


F (q) = _— “ G(q) (10.2.3) 


where 


ao 


1 
G(q) = U Tag = (1 - BCA). 
In general, we have 
Fmsi(Q’) = UxF (4?) = HF AG) + Fn(— 9) (10.2.4) 


(by (10.2.1)). Thus 
F ,(q’) = HF ,(q) + F,(— 9)) 


= _ GB+q) 
- wo | P= Se a ay 
_ 8q°G(q) | 
(1-q?)° 
Therefore 
F (q) = a, (10.2.5) 


(lq 
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We now derive similar formulas for ¥,(q) and F,(q). 


F sq’) = U,F(q’) = UF (q) + F2(— 9) 


4qG(q) 4 ay _ 32q?G(qX(1 + 4’) 
a zy! +4) — (1 =9)) i—@yt 
Thus 
32qG(q\1 + 4) 
C(go es 10.2.6 
3(9) (d—@: ( ) 
This implies 
F(a) + 9F (a) = GS + 9) + =) 
64qG(q) 
Sar (10.2.7) 


Next, applying U, to (10.2.7), we find that 


F {q?) + 4F(q) = ULF A?) + 4F Aq?) = os (1+ 4)°-(1—4)) 
- os (1 = 4)? — 12(1 — 4?) + 16) 
_ 64q’G(q) _ 768q’G(q) i 1024q7G(q)_ 
a-@y (@-@y (@-4) 


Thus 
F (q) + 4F x(q) = 8F,(q) — 10°F x(q) + 4F(q)) + ee 
or 
F 4(q) + 16F 3(q) + 40F 2(q) = oe (10.2.8) 


It is now possible to prove Theorem 10.1, which generalizes (10.2.5), 
(10.2.7), and (10.2.8). 


THEOREM 10.1. There exist integers c(m) such that for m > 2 


= (m3) 

ae 2? *qG(q) 
: F a = 

CAF 0 MD) = eet 
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furthermore, co(m) = 1, 16|c,(m) if m > 4, 8|c,(m), 16tc,(m), and 274|c,(m), 
for3 <j<m— 2. 


Proof. From (10.2.5), (10.2.7), and (10.2.8) we see that Theorem 10.1 is 
true for m = 2, 3, and 4. We now proceed by mathematical induction on m, 
and we assume m > 5, 


By applying U, to the equation stated in the theorem (with q replaced by q”) 
we find 


m~2 2 ) 1 
Y ekmF mag?) = =— AOD. E+ gy? — (1 — gy"). 
j=0 (1 — q°)” 

Now we define integers 6,(m + 2) forO < k < [(m + 1)/2] by 


(m4 1)/2 
A(1 + q)"*? — (1 — 9)"*”) = 4 Py ‘By(m + 21 — 4°); 


this equation truly defines integers 5,(m + 2), since the left-hand side of the 
equation is an odd polynomial. Furthermore, we see that 


do(m + 2) = 274! 
and 


5,(m + 2) = lim(1 — q?)“"((1 + g)"*? — (1 — 9)"*?) — q2"*1) 


q>1 
= ~— m2!” 
Thus 
me? L246) am 
Y cAmM)F ny 1— fq) = aaa m2"! Y c(m)F,,- (4) 
j=90 (1 — q) j=0 
((m+1)/2] m+1y _ ¢m-k+2 
4 Hm + HZ ICI") 
k=2 
m—k-1 
x Ye ett — ke + DF mans sl) 


Thus we may derive expressions for the c{m + 1): 
co(m + 1) = co(m) = 1; 
cy(m + 1) = cy(m) + m2" !co(m) 


= c,(m) + m2™—)" 
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Now since 16|c,(m) and m > 4, we see that 16|c,(m + 1). 
c(m + 1) = c,(m) + m2"~"'c,(m) + 6,(m + 2)2%cg(m — 1). 


Since 8|c,(m), and m > 5, we see that 8|c,(m + 1). Also since 16tc,(m), 
we see that 16tc,(m + 1), because all of the remaining terms on the right-hand 
side of the equation above are divisible by 16. 

Now for2<j<m-1 


em + 1) = em) + (m + 2)2"-4e,_,(m) 


+ ¥ &(m + 2202 PD, On —k+1). 


By hypothesis, 27/|c,(m) and 274|2"~'c,_ ,(m). Thus to prove that 27/|c(m + 1), 
we need only establish that 


m+1 m—k+2 i . 
2 = 2 + 2h > 2j 


whenk +h=j,{(m + D/2]>k >2,h 20. 


m+il m—k+2 * , ‘ 5 a 
5. pe > +2h-t=-| , }tkm-24+ 


km — hk? +k) — 2 4 2j 
k(m — Kk + 1) -— 24 2 


2 Yj, 


WV 


since 2<k < [(m + 1)/2]; thus 274|c(m-+ 1), and Theorem 10.1 is 
established. a 


The theorem above allows us to prove certain congruences for b(4n) — b(n) 


originally conjectured by R. F. Churchhouse and proved independently by 
O. Rédseth and H. Gupta. 


THEOREM 10.2. If k > 1 and t = 1 (mod 2), then 
b(22** 21) Lt (b7*t) = 0 (mod Deke 2): (10.2.9) 
b(2?** 1) — b(2?*-"1) = 0 (mod 2*4); ey 


furthermore, (10.2.9) and (10.2.10) are best possible in. that no higher power 
of 2 divides b(4n) — b(n). 
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Proof. We shall show that 
2797 F a 1(9) and 2-*F (9) 


have integral coefficients and that the coefficients of the odd powers of q 
are themselves odd. This is equivalent to Theorem 10.2. 
If k = 1, then (10.2.5) implies 


€(q) = I6D_ = 9389) 4 SF 924+ 1(m 042). 
Sere eae ow dea ee 


Also by (10.2.6), 


I 
279 ays a 


qGQX1 + 4) 9B) =F 92i+1(mod 2), 
j=0 


Thus Theorem 2 is established for k = 1. 
Assume that Theorem 10.2 is true for all integers less than k. Then by 
Theorem 10.1 


2° *F 14(q) + 27 ey (2k)F 94- 1(q) + 27 7*2(2K)F 24- 2(9) 


2k= 4 2°") - 38g G(q) 
+ 2-3*6 (2k)F,,_ care 4G) | 
» (2k) F >, ACD a— oe? 


By Theorem 10.1, 16|c,(2k), 8]c,(2k), and 274\c(2k), also for k > 1, 


2k + 1 
2 


)-3k>0. 


Hence from the induction hypothesis we see that 2° **¥,,(q) has integral 
coefficients. Furthermore since 16tc,(2k), 


2° *F (q) = 2 *PFy_(9) =Y q7i*! (mod 2). 
j=0 


Now by Theorem 10.1, 


272 Fy 1(q) + 27 76,(2k + 1).F »,(q) 


2k-1 
+ 2°77 0,(2k + IF a4- 1G) + YL 2 Pe f2k + WF 244 1-(D) 


jJ=3 


Aart 2) —3k-2 


qG(q) 
a _ qy**+3 
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Again by Theorem 10.1, 16|c,(2k + 1), 8|c(2k + 1), 274|c,(2k), also for 
k>1, 


es 


2 )- ae -2>0, 


Hence from the induction hypothesis we see that 2~->*"*.F, , ,(q) has integral 
coefficients. Furthermore, since 16fc,(2k + 1), 


277 F 1 19) = 2-418, _ (gq) = > qt) (mod 2). 
j=0 
Thus we have Theorem 10.2. | 
10.3 Ramanujan’s Conjecture for 5” 


Our first task is to translate Ramanujan’s conjecture into terms amenable 
to the use of generating functions. In particular, we shall obtain a general 
family of identities of which (10.1.3) is the simplest case. Besides the Hecke 
operator U., we also require the modular equation of fifth degree, which we 
state in the form 


q°(q"°; Gy. _ 9°(q7*3 4?) 52 g(a 34 Ys i 52 q°(q7°3 4? Ym 
q)  ——- (453458 Qe (q)3, 
2 25. .25\2 25, ,25 
+ 3-54 of 3 Je sae 7 Jeo ') (10.3.1) 
Vo Do 


For a proof of this result we refer the reader to Knopp (1970, p. 119, Eq. (2.5)). 
To simplify notation, we define 


25, ,25 
#(q) = Mats, (10.3.2) 
and 
5. .5\6 
aay = M432. (10.3.3) 


Thus we may rewrite (10.3.1) as 


$(4)° = 9(9°){5?G(q)* + 57G(q)? + 3-56(g)? + 56(q) + 1}. (10.3.4) 


In the following theorems it is useful to have 


4 
S, = 5Us¢"(q) = 8 6'(4""*p') (10.3.5) 
i=0 
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where p = e?"'/5_ Also we require the 5-adic valuation: 


DeFInition 10.1. If r is a rational number, then by the fundamental theorem 
of arithmetic r may be uniquely written as + p,*'p,”---p, where the p, 
are prime numbers and the a; are integers (positive, negative, or zero). The 
5-adic valuation v(r) is defined to be the exponent of 5 in this prime decomposi- 
tion of r. 


Lemma 10.3. For each positive integer r, S, is a polynomial in g(q) of the 
form 


S, = ¥a,,9(9) 
j=1 


where 5 divides each a,,, also v(a,;) > [(Sj — r + 13/2], and a,,; = 0 untess 
[Gr + 4/5] <j <r, where [x] is the greatest integer function. 


Proof. We begin by fixing q and considering the fifth-degree polynomial 
equation in u: 


ub — g(q\(52u* + S2u> + 3-Su? + Su + 1) = 9. (10.3.6) 


From (10.3.4) we see that u = ¢(q'/>) is one root; in fact, u = o(q'/*p/), 
j = 0,1, 2, 3, 4 (where p = e?*/°), are roots of (10.3.6) since the replacement 
of q by p/q in (10.3.4) only alters #(q). Furthermore, since | is the coefficient of 
q in $(q) (by (10.3.2)), we see that the ¢(q!/*p/) are all different functions of 
q and are indeed distinct as complex numbers for q sufficiently close to zero, 
since ¢(q) ~ q as q > 0. Hence we have determined five distinct roots of 
(10.3.6) when q is a sufficiently small complex number, and so 


(u — o(q'5p')) = uP — g(q)(S2u* + 52u> + 3-Su? + 5u-4 1). (10.3.7) 
i=0 


By analytic continuation (10.3.7) is valid for all q with |q| < |. 
Now let us recall Newton’s formula that connects the sums of like powers 
of the roots of a polynomial with the coefficients of the polynomial. Namely, if 


f(x) = x" — ayx"! 4 ayx"™? —--- 4+ (~ 1)"a,, 


i] 


(x = ry)Qx — r2)- (= Fa) 
and if 

Sm = bry bt”, 
then for! <j <n 


S$; — 448;-4 + a,5;_-, —°-+ + (— 1) 'a;_4s, + (— lla,j = 0, 
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and forj >on 
Sj — @48;-, + @25;-. —*°° + (— 1ays;_, = 0. 


Applying Newton’s formula to f(x), we find that since S, is the sum of the 
rth powers of the roots of the polynomial in (10.3.6), 


S, = 5°g(q), (10.3.8), 
S, = 5*97(q) + 2:579(q), (10.3.8), 
S3 = 5°g°(q) + 3-5*97(q) + 9-5g9(q), (10.3.8); 


S, = 58g4(q) + 4-5%93(q) + 22-5397(q) + 4: 5g(q), (10.3.8), 
Ss = 5'9g°(q) + 5:5°g*(q) + 40-5°g°(q) 
+ 20:5g?(q) + 59(q), (10.3.8)s 
and forr > 5 
S, = 5?g(q)S,- + 57g(q)S,-2 + 3-59(q)S,-3 


+ 59(q)S,-4 + 9(@)S,-s. (10.3.8), 


We may now easily check all the assertions of Theorem 10,3 directly; the 
only one that requires any real care is the inequality for v(a,,), which is directly 
verified by induction on r. For 1 < r < 5, we need only examine the explicit 
form of the identity for S,. For r > 5, assume v(a,,) > [(5j — s + 1)/5] for 
s < rand then examine (10.3.8),: 


a,; = a err ar + hig Pee + 15a,_3;-1 + Sa,~4,7-1 + ay 5 7-1 
Therefore 
v(4, ;) 2 min(v(a,_ 4 ;-1) + 2, v(4,_9 j-1) + 2, 


v(a,—-3,;-1) + 1, v(a,_-4,;-1) + 1, (a, 5 3-1)) 


-n((252!) PF} Pay) 
pops par) 


oe ea, 
= ; ‘ 


and Lemma 10.3 is established. . | 
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We are now prepared for the proof of Ramanujan’s conjecture for powers 
of 5. Let us restate the conjecture for powers of 5 only: 

If 244 = | (mod 5%), then p(A) = 0(mod 5%), 

We begin by remarking that the smallest positive integral solution of 
241 = 1(mod 5’) is 


5s +1) if a=2r-1, 
a (23-577 + 1) if a= 2r. 


Consequently we wish to show that 
p(S°m + c,) = 0(mod 5% 


for each m > 0. 
In light of our work in Section 10.2, it would be natural to guess that our 
interest should center on 


¥ p(S¢m + c.)q" = Us ¥. pS? 'm + cq"; 
m=0 m=0 


however, as we shall see in the utilization of the modular equation, we must 
instead consider 


oe) 


Lon—1(4) = (4739? )eao D, PIS?" 1m + Coq 1)Q™*? (10.3.9) 
m=0 
and 
LyAQ) = (Dn >, AS?*m + c2,)q"*". (10.3.10) 
m=0 


The following theorem provides us with strong information concerning the 
coefficients of L,(q), and Ramanujan’s conjecture for powers of 5 becomes a 
simple corollary. 


THEOREM 10.4. Each L,(q) is a polynomial in g(q) (see (10.3.3) for the 
definition of g(q)) with integral coefficients. Furthermore, if we write this 
polynomial as L,(q) = )°2.9 bns9°(4), then 


bao = 0, (10.3.11) 
(6,1) = 1, (10.3.12) 


v(b,) =n forall s 21. (10.3.13) 
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Proof. The proof proceeds by mathematical induction on n, much in the 
manner of the proof of Theorem 10.1. The primary complication arises from 
the peculiarities of the two-line definition of L,(q) (Eqs. (10.3.9) and (10.3.10) 
are forced on us by the varying form of the solutions to the congruence 
24, = 1 (mod 5”)). Also, we are forced to prove more than (10.3.13), so we 
replace (10.3.13) by 


v(b,,) =n + [H(10s — 9 + (— 1)")]. (10.3.13)’ 
When n = 1, 


L,(q) = (q°;.4°) ©. p(Sm + 4)q"*! 


m=0 


= (9°34°)aUs Y, p(m — 1)q” 


m=1 
= (95:45 mee 
(q 24 Jos (dx 
=U, 10 3d Do 
= (9)o 
(since Usf,(q°)f2(4) = f1(q)Usf2(4)) 


U5¢(q) 
= 45, 


= 59(q) (10.3.14) 


(by (10.3.8),). Hence, bjyg = 0, by, = 5, by, = Ofors > 1, and Eqs. (10.3.11), 
(10.3.12), and (10.3.13)’ are all clearly valid when n = 1. 

Let us now assume that our theorem is valid for every integer n < 2r — 1. 
We must show that this implies the result is valid for n = 2r and 2r + 1. By 
(10.3.9) 


L(4) = (Qo >, (Sm + c2,)q"*! 


m=0 


= (Qo Do pS**m + 4:5! + c2,1)q"*! 


= (9). ¥, p(S77- (5m + 4) + c2,-,)q"*! 


= UsL),_ 1(q) 
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=U, y b,—1,39°(9) 


s=0 


=y bo, 1.s U5(g (q)) 
s=0 


I 
ms 
i 
Nv 
” 
( 
a 
C 
w 
Pa 
=) 
mm 
cS 
QQ 
— 
8 
ll 


s= (qo 
_¢< (q)eo 6s 
= x bart, (q°: ye s?°(q) 
= X Dor. sap co .y 465, ;9 4(q) (by Theorem 10.3) 


¥ g‘(q) > $b2,- 1,87 65,1 +s 


1=—@ s=0 
= y 9'(Q)bar (10.3.15) 
oe 
where 
bys = 4 y bor 1 s46s,t48- (10.3.16) 


s=0 


We may now deduce the truth of (10.3.11), (10.3.12), and (10.3.13)’ for 
bo,,, from (10.3.16) using Theorem 10.3 (for properties of the. ag,,,,) and 
the induction hypothesis (for properties of the b,,_,,). In particular, if 
t < 0, then t + s < s, and so by Theorem 10.3 a,,.,, = 0 for s > 0 since 


-|65 +4 
& Joseres 


By the induction hypothesis b,,_,,9 = 0. Hence we see that b,,, = 0 if 
t < 0, confirming (10.3.11) when n = 2r. 

Furthermore, since L,,_,(q) is (by hypothesis) a polynomial in g(q), we 
see that b,_,,, = 0 for s > so(r). Also by Theorem 10.3, ag,,,5 = 0 unless 
t < 5s. Hence, if t > Sso(r), then one of the factors of each term in (10.3.16) 
is zero; so b>,,, = 0 for t sufficiently large. Therefore L,,(q) is a polynomial 
in g(q). Next 


ceo} 
bas a +> bor—1,5'46s,541 
s=0 
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= $b2,-1.1° 6.2 


= b,-1,1°5°63 
(by evaluation of a, , from Eq. (10.3.8),). Hence 
o(b2,.1) = v(b2,— 4,1) + 1 = 2r, 


by the induction hypothesis, and (10.3.12) is valid for n = 2r. 
Finally for t > 1, by (10.3.16), Theorem 10.3, and (10.3.13)’, with n = 
2r — 1, 


v(b5, +) 2 ae 1 + min v(b2,~ 15° G6s,14s) 
((s+4)/5]<1<5s 
sz 


—1+ min fpr — 1+ [4] 4 [esl 
Ust4y/S1<¢t<5s 2 2 
s21 


5s —5 St-—s+l 
es aes ee a ee 


~ > -2+ [5] 


Vv 


4 


> or+| 3 


which establishes (10.3.13), with n = 2r. 

To conclude our proof by induction we must now prove our asseftions 
for n = 2r + 1 using the induction hypotheses and the case in which n = 2r. 
Since the steps resemble those above, we omit most of the details; we derive 
the counterpart of (10.3.16), and we leave to the reader the necessary deduc- 
tions from this result. 


Ly,41(q) = (9°34°)o Y p(S***m + Coras)q™*' 


m=0 


pee) 


= (4°5q°)o Y P(S*m + 3-5 + c2,)q™*! 


m=0 


ll 


(9°34°)oUs > p(S?"m + €5,)q™*? 


m=0 


ll 


Us (a? q°°) (Sm + coat} 
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Us{$(q)L2(4)} 


Us » b,, s0(9)9°(q) 
s=0 


II 


»Y ba, sU 5(6(9)9°(4)) 


= . Qs... 6s+1 
= 2 bars aGeae Us(o*** '(q)) 


=e > e41,;9(q) (by Theorem 10.3) 


s=0 9°(q) 5 
ay aay: bb», 46541, (10.3.17) 
rae.’ see 
whence 
Brrsiye = EY araBest see (10.3.18) 


The remainder of the proof follows just as in the treatment of (10.3.16). I 


CoROLLARY 10.5 (Ramanujan’s conjecture for powers of 5). If 244 = 
1 (mod 5"), then 


p(A) = 0(mod 5”). 


Proof. By the remarks preceding Theorem 10.4, we see that we must show 
that 


p(S°m + c,) = 0(mod 5%) 


for each m > 0. If a = 2n — 1, then 


~ = Lyn-1(9) 

52n 1m +c oa m+1_ =o 

2, P 2 4 (4°; > Deo 
= oy a sae (10.3.19) 


Now g*(q)/(q°3 9°) is always a power series in q with integral coefficients, 
and by Theorem 10.4 57"~'|b,,_,, for each s. Hence the coefficient of 
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q™*! on the right-hand side of (10.3.19) is divisible by 5?"~1; therefore 
52"— 11152" lm + Con): 


The same argument handles the case in which a = 2n; the only change is 
the replacement of (q°; 4°) by (q).o- | 


COROLLARY 10.6. 


y » — 5(9°34°)o 
eae 


Proof. This is just a restatement of Eq. (10.3.14). |_| 


A natural question to ask at this stage is: Are there any combinatorial 
interpretations for these congruences? Actually the two congruences (10.1.1) 
and (10.1.2) have combinatorial interpretations; however, none of the other 
congruences have known interpretations. The following theorem (conjectured 
by F. J. Dyson and proved by A. O. L, Atkin and H. P. F. Swinnerton—Dyer) 
provides the known interpretations: 


THEOREM 10.7. Let R(k, a; n) denote the number of partitions of n whose 
first rank (see Section 9.3) is congruent to a modulo k. Then 


R(5,0;5m + 4) = R(5, 1; 5m + 4) = R(5, 2; 5m + 4) 


R(5, 3; 5m + 4) 


R(5, 4; 5m + 4); 

R(7,0; 7m + 5) = R(7, 1; 7m + 5) = R(7, 2; 7m + 5) = R(7, 3; 7m + 5) 
= R(7,4;7m + 5) = R(7,5;7m + 5) = R(7, 6; 7m + 5). 

a 


The only known proof of this would require too much space for its presenta- 
tion here. We should point out that it is primarily an analytic proof which 
relies heavily on the properties of modular functions. No combinatorial proof 
of Theorem 10.7 is known. 


Examples 


In Examples 1-6, we consider problems for the number b(n; m) of parti- 
tions of n into powers of m. The functions we shall consider are 


&(m; q) = J) b(m; n)q” = [J (1 — a"), 
n=0 


n=0 
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F(m; q) = (1 — q)®(m; q) = 6(m; q”), 


¥(m;q) = ¥ (bm; m’*'n) — b(m; m'n))q"; 


n=0 
note 
¥.4(m; q) = U,,?,(m; q) for r> 0. 

F(m; q) 

1 ¥ a ee 

a(n; g)= a we q)? 
aes 9 
2. itm; segs Fae Ie 


m 
3. ¥,(m; q) + (") ¥(m; q) = mf me 


m m\2 m 
4. W,(m;q) + ("em + iv a) + (2m(") _ m(3) 


m+i _. _ m°T(m; q)q 
+ 2m?( 3 )) vem: = Sle —q)> vie 


5. There exist integers afr) (= a,m; r)) such that 


m3 g 
re m; 
¥ a(r)¥,_Am;q) = ey, 
i=0 ~(1—qy* 
where ao(r) = 1, mla,(r) if m is odd, 4mla,(r) if m is even, and m?/~?\a {r) 


for 2<j<r-1 
6. For each m, we let p = m if m is odd and je = 4m if m is even. Then 


b(m; m'*'n) — b(m; m'n) = 0(mod p’). 


In Examples 7-13, the simplest known proof that 5|p(5n + 4) is sketched. 
7, It is a simple matter to deduce from Jacobi’s triple product identity 
(Theorem 2.8) that 


pee) 


(92, a > (— 1I)’Qm + Igimr* 1), 
m=0 


8. For — 0 <r<o,s 20, the expression 1 + 4r(3r + 1) + 4s(s + 1) 
is divisible by 5 if and only if r = 4 (mod 5) and s = 2(mod 5). 
9, From Examples 7 and 8 and the trivial identity 


9(9)%, = 4(9)3.(4) 0 


it follows that the coefficient of q°"*° in q(q)4, is divisible by 5. 
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10. We may define f(q) = g(q) (mod 5) if a, = b, (mod 5) for all n where 
f(q) = Yazo ang” and 9(q) = ),>0 6,q". It is easy to show, using the binomial 
series, that 


1- q 
——.~ = 1(mod 5). 
cea 
11. From Example 10, we see that 
5.5 
(154 = 1 (mod 5). 
(4) 


12, Examples 9 and 11 imply that the coefficient of g>"*°* in (q(q°; q°)..)/(Q)o 
is divisible by S. 
13. From Example 12 it follows that 5|p(S5m + 4) for all m > 0. 


Notes 


As was mentioned in Section 10.1, the most readable and complete recent 
work on the divisibility properties of p(n) is the book of M. I. Knopp (1970). 
Ramanujan’s contributions are primarily contained in Paper 25 of his Col- 
lected Papers (1927). The paper by Atkin (1967) contains a full account of 
the 11” case; G. N. Watson (1938) was the first person to treat fully the 
cases 5" and 7”. 

Atkin (1969), and others (see Lehner, 1969) have greatly extended the study 
of arithmetic properties of modular forms; for example, Atkin (1969) has also 
shown that 


p(206839n + 2623) = 0(mod 17). 


The material on binary partitions is due to Rddseth (1970) and Gupta 
(1971); our treatment is patterned along the lines of Andrews (1971). Theorem 
10.2 was originally conjectured by Churchhouse (1969). 

Kolberg (1957, 1960) has devised elegant elementary techniques for proving 
some of the Ramanujan congruences, such as (10.1.1) and (10.1.2); Rademacher 
(1973) gives a nice exposition of some of Kolberg’s work. 

Of Corollary 10.6 (due to Ramanujan), G. H. Hardy (Ramanujan, 1927, 
p. xxxv) wrote: “It would be difficult to find more beautiful formulae than 
the ‘Rogers~Ramanujan’ identities. ..; but here Ramanujan must take second 
place to Prof. Rogers; and, if I had to select one formula from all Ramanujan’s 
work, | would agree with Major MacMahon in selecting. . ., viz. 

5 10 15). ..15 
aye pO pay eee US Me ee 
{(1 — x1 — x?1 — x): +39 


where p(n) is the number of partitions of n.” 

Reviews of recent work on congruences for partition functions occur in 
Section P76 of LeVeque (1974). 

Examples 1-6. Churchhouse (1969), Rédseth (1970), Andrews (1971), 
Gupta (1972). 

Examples 7-13. Paper 25 of Ramanujan (1927). 
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CHAPTER 11 


Higher-Dimensional Partitions 


11.1 Introduction 


The previous chapters have (with the exception of the multipartite com- 
positions treated in Chapter 4) treated partitions as a linear array whose sum 
is prescribed: 


s 
n=nm+tn,t+---tn,= >on, my > Mya4. 
t=1 
In this chapter we shall look at higher-dimensional partitions, that is, 
arrays whose sum is n: 


n= Yoo nay where nia, 2 Mp, (11.1.1) 
lignin ZO 

whenever i, < jy, i2 <jo,..., i, < j, (all my p,...,, nonnegative integers). 

Surprisingly, there is much of interest when the dimension is | or 2, and 
very little when the dimension exceeds 2. In Section 11.2, we shall follow 
L. Carlitz’s proof of MacMahon’s fundamental theorem utilizing determinant 
representations of the appropriate generating functions; the recurrence 
method of attack used here also arises in Chapter 12 when we consider vector 
partitions. 

In Section 11.3, we study a fundamental algorithm of Knuth that provides 
the method of proof for numerous theorems concerning plane partitions. 

In Section 11.4, we consider questions concerning higher-dimensional 
partitions. Unfortunately, the most important results in this section are 
negative. In particular, the conjectured form for the generating function for 
higher-dimensional partitions is shown to be invalid. 


11.2 Plane Partitions 


From the comments in the preceding section we see that the plane partitions 
of n are two-dimensional arrays of nonnegative integers in the first quadrant 
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subject to a “‘nonincreasing”’ condition along rows and columns. For example, 
there are six plane partitions of 3: 


00 0 0 0 00 0 
00 0 0 0 1 0 0 
3 00 2 1 °0 20 0 
00 0 000 100 
00 0 100 100 
1 1 1 1 1 0 100 
Often we omit the zeros and write 
1 
1 1 1 


3, 21, 2, Il, 1, 1 


We remark that many times plane partitions are represented in the fourth 
quadrant rather than the first; thus the plane partitions of 3 are written 


We shall follow the latter custom to keep our results consistent with the 
current literature; however, we point out that the use of the first quadrant 
simplifies notation when investigating higher-dimensional partitions. 


DEFINITION 11.1. Let 2,(n,,n,,..., 3 q) denote the generating function 
for plane partitions with at most r columns, at most k rows, and with n; 
the first entry in the ith row. 


Our work on 7,(n,, n3,..., M3 q) will require an extensive use of Gaussian 
polynomials and we refer the reader to Section 3.3 for the appropriate back- 
ground material. 

We start by noting that the ,(n,,..., n,; q) are completely determined by 
the following recurrence and initial condition: 


Ne Net nm 
Te, 4 1(My,Mz,.- -,My3qQ) = Qrermt tm YP a Y a(my,...,™3 49); 
m=O me-1= mk m1 =m2 
(11.2.1) 
tH nah Qage (11.2.2) 


Equation (11.2.2) is obvious, and Eq. (11.2.1) is easily seen by examining 
the array left after the initial column (n,, n,,..., n,) has been removed from 
an (r + 1)-column array. 


11.2 Plane Partitions 181 


We now observe that 7,(n,,...,,3; q) is easily computed using (11.2.1), 
(11.2.2). For example 


m n 


(n,m; q) = qe™ 2 nh quem 


m=O n=m 


me _ gt 
— qt qm 4. 1 q — 
m,=0 q 
1— 2m+2 1 +1 
= gn(! i Gf gee a q)' 
_ gre t= gaan) _ (att = 4") 
(I~ q4y (1 — 4X1 — 4’) 


prem cas I] [m+1 m+i 
z 1 Ep Ss 
n+1 m+i1 
a i 
Sq" . (11.2.3) 
n+1 m+ 
0. 1 
We may now apply (11.2.3) to the right-hand side of (11.2.1) with r = 2; 
using (3.3.9) we may easily deduce that 
n+2 m+2 
q 
: | M al 
From here we immediately conjecture that 


n+tr-l mt+r-—1 
r—-—1 q r 


3(n,m,q) = q"*™ 


m,(n, m; q) = q"* 


and we easily prove this by induction on r using (3.3.9). 
After a few calculations with k = 3, we can make a reasonable guess 
concerning the representation of 2,(n,, m2,.-., 43 q) aS a determinant: 


THEOREM 11.1 


njt+r-1 
S Mose ees sg) = gmt tt det (gi@-u-si-p 
7,(n1, Nz Ms q) = q" et(a eee 


1<i,j<k 


(11.2.4) 
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Proof. When r = 1, the determinant is upper triangular with ones down 
the main diagonal. Hence (11.2.4) reduces to the trivial (11.2.2) when r = 1. 
Assuming the result for a particular r, we proceed using (11.2.1): 


TT, (m4,. coor | ny; q) 


Nerd 


Me ny 
= SEY gmemtnom 


m=O me-1 =m mi=m2 


oe m,+tr—-1 
x det (q10--s-0 , — oe i): (11.2.5) 


We may now sum the inner sum, using (3.3.9). The result transforms the 
right-hand side by leaving a (k — 1)-fold summation and replacing the ith 
entry in the first column of the determinant in the summand by 


git Da-4) nj tr Z mt+r-1 
r—-itl r—it+l 
Now the unaltered ith entry of the second column is 


q 


4€l~ 2)(i- 3) 
r—i+l 


cana 


so if we multiply the second column by q~‘ and add the result to our first 


column, we obtain as ith entry for the transformed first column 


guene-o| Bie, | 


r—it+l 
We now sum with respect to m,, then we multiply the third column by q~? 
and add the result to our new second column, whose ith entry becomes 


qii-2d-5) a : 
r—i+2 


At the jth step, we sum with respect to m,; we then multiply the (j + 1)st 
column by q~/ and add the result to our jth column. The resulting jth column 
has as ith entry 


git DUH 5-3) J oe aa 
r—itgj 


Hence, after all k summations are completed, we have 


a nj tr 
q 7" emt, (my,. 5 Mes gq) = det (a1e-ae-s- | ae }). (11.2.6) 
r-—ity 
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If we multiply the ith row of the determinant in (11.2.6) by qg'~! and divide the 
jth column by q/~! (and as a result do not alter the value of the determinant), 
we obtain 


Lh sete n evi njtr 
qv" sieeve soos = det (q* oe ap Pe ih): (11.2.7) 


which is (11.2.4) with r replaced by r + 1. Hence our theorem is established 
by mathematical induction. B 


DEFINITION 11.2. Let p, ,(m, n) denote the number of plane partitions of m 
with at most r columns, at most k rows, and with each entry < n, and let 


(N34) = > py{m, n)q”. 
m=0 


We observe immediately that 


™mA(n;q)= > 2,(my,..-. 1,5 9) 
= q-*"n,,4(n,....5q) (11.2.8) 


(by (11.2.1). Hence 


mark n+r 
7m, (n; q) = det (1-90 , tise i) , (11.2.9) 
151, f<k 


It is possible to represent the polynomial 7, _,(n; q) as a simple quotient of 
products of expressions (q);. This is easy to do by direct computation for 
small k, and the results lead us to conjecture: 


THEOREM 11.2 


(4): (4)2 _ “(a)e-1 (MnslDnorat “4 “(Dntrak-1 
gq) = DlD2" 2 (Ma-1_ (Dns Dn rar” ASN and 
Ne O ae Gia  @diesGek. 


Proof. We proceed by using another ingenious device of L. Carlitz. Let 


en j 
W(k, r) = det (asso Hl) 
'}/o<ijs<k-1 


Hence by the rule for multiplication of determinants 


m™ An; QW(k, r) = dete ocijek—1 


where 
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j P 
-1) |J iiss Lac: nt+r 
= 4s(s— 1) rs+4(i-s)(i-s- 1) 
Cy = : 
: x A : , +i- i 
= gin n+trt+yJ 
n+i 


(by (3.3.10)). Therefore 


; = DnelDn gros’ Dnsren-t gt ”) 
7, (n ’ q) Wk, r) ae (q)(Dne1 _ ‘(Dnak- ae det (e— 


a (DnelQMnsret’(Dnerte-t 
"OG oo Nee 


where neither W(k, r) (which is upper triangular with no zeros on the main 
diagonal) nor C(k, r) depends on n. We may therefore determine C(k, r)/ W(k, r) 
by setting n = 0 in (11.2.11). Thus 


Chk) @iQa-De-s 
WED) Mae Oia Che) 


and therefore 


(DiQD2° Dart Dns Dneret (Dn grtn- (1.2.13) 


(DADr41 oe Drsk-1 (Dl n+ ee" (Dnak-1 
as desired. | 


7, (n ; q) isa 


Theorem 11.2 directly implies MacMahon’s famous formulas for the 
generating function of k-rowed plane partitions 2, ,,(00; q): 


CoroLiary 11.3. For |q| < 1, 


Y, Paoslm, 00)” = [] (1 — giy-mintD; (1.2.14) 
m=0 get 

D Po,olm, 0g” = [J — g/)4. (11.2.15) 
m=0 j=l 


Proof. Equation (11.2.14) follows from Theorem 11.2 by letting r and 
n— oo. Equation (11.2.15) follows from (11.2.14) by letting k > o in 
(11.2.14). @ 


11.3 The Knuth-Schensted Correspondence 


In the 1960s a correspondence between certain matrices and plane parti- 
tions was developed by Schensted and later extended by Knuth. This 
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combinatorial mapping allowed a great simplification in the deduction of 
many known restricted plane partition generating functions. Furthermore, 
many new generating functions can be treated using this elegant procedure. 


THEOREM 11.4. There is a one-to-one correspondence between 


(i) the set of k x k matrices A with nonnegative integer entries; 
(ii) the set of all lexicographically ordered sequences of ordered pairs 
of integers, each < k; 
(iii) the set of ordered pairs (x, x’) of plane partitions in which there is 
strict decrease along columns, each entry does not exceed k, and the cor- 
responding rows of m and w' are of the same length. 


Furthermore the desired correspondence is such that the ith column sum 
(resp. ith row sum) of a matrix A from (i) equals the number of times i 
appears in the corresponding plane partition nx (resp. 1’) in (iii). 


Proof. The correspondence between (i) and (ii) is simple; to each sequence 
described in (ii) associate the incidence matrix A = (a,,), that is, a,, is the 
number of times the pair (i,j) (written for our purposes as D occurs in the 
corresponding sequence of (ii). For example 


eee Sores eet DD dh ae Ag 
ee ee ae ee wee ca ke es 


We now produce the ordered pair of plane partitions (x, 2’); the entries in 
n arise from the second elements (or bottom row) in the sequence of ordered 
pairs; those in z’ arise from the first elements (or top row). Our procedure 
is an algorithm that describes how to build up 2 and 2’ step by step from the 
sequence of pairs in (ii). 

The second elements j from each term : of our sequence afe to be inserted 
in their appropriate place in the top row of z (i.e., so that nonincrease along 
rows is maintained). If the appropriate place of insertion for j already contains 
a smaller integer j,, then j takes the place of j, and the smaller integer j, is 
inserted in the second row. If the appropriate place in the second row for j; 
is taken by j,, then /, is inserted in the third row, and so on. Once the sequence 
of bumpings caused by the insertion of j is concluded, then i (the first element 
of the pair ;) is inserted into m’ in such a way that the corresponding rows of 
mand x’ are always of the same length. 

To obtain a feel for the mechanics of the foregoing procedure, we produce 
step by step the (x, 2’) corresponding to (11.3.1) (the circled number is the 
new inseftion, the underlined numbers are ones “bumped” by the new 
insertion). 
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3333@ 
33333 
333333@ 


3333 3 3 
22 


33333 3 
2@ 


3 3@ 
333@ 
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32©@ 
322@ 
32220 
322210 


3@2e21 


3322@1 


2 


6-1O0SET-107-0 NASI 


S 
‘S) —_ on 
rN) “ ~ n rN) rN] 
Mm mM na) Mm Mm Mm 
ca) m nO m= m= m= 
Mm nO Mm — Mm — m= m= 
er) Mm — mM — mM — mM — Mm — 
mn mn mw mn mn mn 
mn— mn mn — mn — mn — mn 
iS) 
‘S) - 
‘S) oss = 
- = @ rN) CN] r) 
- ®) rn] “ w CN] 
NX nw nw —!| A nN — vn — 
)) mM —]) O — mo — O — mM — 
mal mn on ma ma ow 
mn moa ma ma ma mn 
MN—- MN—- MN-—- MN-—- MN-—- MN 
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Inspection of the foregoing procedure shows immediately that the n and n’ 
have corresponding rows of equal length and the correspondence between 
the appearances of / in m (resp. nm’) and the ith column (resp. row) sum is 
clear. Furthermore (using mathematical induction on the number of steps 
completed in the procedure), we see that bumping can only result in entries 
moving downward and not to the right, and thus strict decrease along col- 
umns is maintained in m at each step. Since insertions into mn’ are successively 
made from a nonincreasing sequence, we see that nonincrease must hold 
along rows and columns; moreover, strict decrease must obtain in the col- 
umns of n’ since if }, jpare two successive terms in our sequence, the number 
of bumpings induced by j, is greater than or equal to the number induced by 
jz (hence, insertions of i move successively to the right). 

The main question, however, is: Does the foregoing procedure establish 
a one-to-one correspondence between the elements defined in (ii) and those 
defined in (iii)? Let us show that our procedure is uniquely reversible and 
consequently does establish a one-to-one correspondence. First we point out 
that the remark made at the end of the preceding paragraph allows us to pick 
out the last insertion made in z’ (it is the rightmost appearance of the smallest 
integer appearing). If this integer, say i, occurs on the first row of 2’, then 
the corresponding entry in z is the last insertion in 2. If i occurs on some 
other row, then the corresponding entry in 2 was the end of a bumping chain 
and we can clearly reverse the bumping process to determine what entry was 
inserted in x. Thus the procedure yields a bijection, and Theorem 11.4 is 
established. | 


THEOREM 11.5. If the matrix A in (i) of Theorem 11.4 corresponds to 
(x, x’) in (iii), then the transposed matrix A™ corresponds to (n’, 7). 


Proof. Let us define the class of ; in the sequence of pairs corresponding 
to A as the position in the first row of 2 where j is initially inserted. Returning 
to our example (11.3.1), we may list the classes of each pair directly below 
the pair as follows: 


33333322211 111 1 ~+1 
3.222113 2133221 «21 «1 


class 123 45 625 73 467 8 910 


Now the entries in the first row of 2 are made up in order of the last entries 
in each class: namely, 3333222111. 

The important thing about class membership is that it is possible to define 
it in a manner that does not depend on the lexicographic ordering of the 
sequence. Namely, : is in class ¢ if and only if t is the largest subset of pairs 
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iyige stipe yl Ji 2 ha 20 Shen BS 
such that 
hide” Dead ip Bin Bo Dy SL 


Thus from this last observation we see that the class of } in our sequence is 
the same as that of / in the sequence of reversed ordered pairs, which clearly 
corresponds to A’. Hence the first row of the first plane partition corresponding 
to A’ is the first row of 7’ and the first row of the second plane partition 
corresponding to A’ is the first row of z. 

Deleting from the ordered pairs sequence the entries that produce the first 
rows of the plane partitions, we may follow exactly the same procedure to 
establish the interchange of the second rows, and so on. Thus we see that 
(x’, 1) corresponds to A’. | 


CoROLLARY 11.6. The correspondence described in Theorem 11.4 produces 
a one-to-one correspondence between symmetric matrices A of nonnegative 
integers and plane partitions nx with strict decrease along columns. Further- 
more, the number of appearances of i in x equals the ith row sum (or ith 
column sum) of A. 


Proof. We invoke Theorem 11.5, noting that A is symmetric if and only 
if A = A’. Hence, A «> (z, 2). Bi 


This corollary has many interesting applications; we present one of the 
most striking next. 


THEOREM 11.7. Let S be a set of positive integers. The number of plane 
partitions of n with strict decrease along columns and with each summand 
in S is the coefficient of q” in 


T] - a) T= at 


ieS . i,jeS 
i<j 


Proof. By Corollary 11.6, the desired generating function is 


y TI a" 


A i,fj21 


where the sum is over all symmetric matrices A of nonnegative integers subject 
to the condition that a,, = 0 if i¢ S or j ¢ S. Hence 


> WF idee E(i a) [] tet ees 


A ig2i A \i=1 i<j 
i,jeS 
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: -(q e a) 1 & gto 


ieS a,;=0 i<j a1;=0 
LjeS 


=[Jd-q) 'TJa-q@"*4)t ae 
ieS i<j 
jes 


In the examples there is discussed the fact that certain two-variable generating 
functions arise in a very natural way relative to plane partitions through 
Corollary 11.6. For example, the coefficient of aq” in 


pee) 


ia — aq")"" 


is the number of plane partitions of n for which the sum of the diagonal 
parts is m. 


11.4 Higher-Dimensional Partitions 


P. A. MacMahon at one time conjectured that if M,(n) denotes the number 
of k-dimensional partitions of n (see the definition in Section 11.1), then 


CE 2 


y M,{n)q" = Tha - ; (11.4.1) 


The conjecture is certainly true for k = 1 and 2. MacMahon eventually came 
to doubt the truth of (11.4.1) in general; however, its falsehood for all k > 2 
was only established in the late 1960s. The following theorem provides a 
simple (though laborious) computational method for disproving MacMahon’s 
conjecture; this method is easily extended to any problem involving k- 
dimensional partitions of small integers. 


THEOREM 11.8. Let 


en 2 
> py(n)q” = tl (1 - yO : (11.4.2) 
Then 
u(0) = M,(0) = 1, (11.4.3) 
uw) = M1) = 1, (11.4.4) 
u(2) = M2) = k + 1, (11.4.5) 


k 
H(3) = M,(3) = 1 + 2k + (;) (11.4.6) 
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k k 
(4) = M4) = 1 4+ 4k + «(3) + (3): (11.4.7) 
j k k k 
14(5) = M,(5) = 1 + 6k + 11 (;) + 7(3) + oF (11.4.8) 
icone k k\ k ; k k k 
14 (6) = M,(6) + (") +(3) 1+ 10k + 21(3) + 0(3) 4 i2(4) + (5): 
(11.4.9) 


Proof. We begin by treating y(n): 


Y su(mda? = 1 = gy = ghd = gy C2? 


n=0 . 
x a _ qt) 31 Z ay 20 ae q®) 03). aes 


=(l+qt+@Vt+@tigigta+::') 


k+1 k+2 
«(1+ ka? +( 5 )at + 3 ja) 


Cre HEECH ber) 
C2) 
(C2) 
(ee) 


=1+a4h4 oe s(r 42+ (\))a° 
(regal) (he 
+(i + 6k + (3) +7(3) + (4) 
+ (1+ 104+ 2%) «29(!) + 12(%) + (a 


fret, (11.4.10) 
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Table 11.1 


Total choices 


Ordinary partition of 6 Arrangements in higher-dimensional space for placing 
arrangement 
6 6 at origin 1 
or -oaxls 
5 
541 k 
x -axis 
ue 
4+2 k 
x, — axis 
_—! 
ao 
4+1+1 k 
x, —axis 
1! k 
a 
Ay 2 
x, —-axis 
a3 axis 
343 3 k 
as -axis 
> ] 
Pare 3 k 
gee ome 
3 i 
oe 2\, 
%, —Oxis 
a) -axis 
7! 
241 od 3! k 
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Table 11.1 (continued) 


Arrangements in higher-dimensional space 


Chap. 11.4 


Total choices 
for placing 
arrangement 


24242 


24+2+1+4+1 


ae i 
ae he -Gxis 


| 
oo axis 
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Ordinary partition of 6 Arrangements in higher-dimensional space 


Table 11.1 (continued) 


Total choices 
for placing 
arrangement 


Pere -axis 
all 


——— 
SS nt? -axis 


*, —Oxis 


24+141+141 2 
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Table 11.1 (continued) 


Total choices 


inary partition of 6 Arrangements in higher-dimensional space for placing 
arrangement 
x, -axis 
|” / 
wee 
i ey, -oxis () 
i -axis - 
x, —axis 
‘ 
x, —axis 
I 
1 k 
™, —axis 
x,~ axis 
ate 
2 l———»yx,- axis i 
i NY *h 3 3 
1 


P+141414141 


‘gl Os 
a 
7! 
ie 
I 
I k 
wee x, — axis 
ee 
_—! k 
a, 2 
| 2 
ace aed ; 
x-axis 


ISBN 0-201-13501-9 


ISBN 0-201-13501-9 
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Table 11.1 (continued) 


Total choice 
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Table 11.1 (continued) 


nary partition of 6 


Arrangements in higher-dimensional space 
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and we may now determine y(n) for 0 < n < 6 by comparing coefficients 
in the extremes of (11.4.10). 

To compute M,(n) we observe that each k-dimensional partition is made 
up of an ordinary (one-dimensional) partition of n appropriately distributed 
in the first quadrant of k-dimensional space. Thus to evaluate M,(2) we see 
that the ordinary partition 2 can be placed in k-dimensional space in only 
one way; | + 1, on the other hand, can be distributed in k ways: one | is 
placed at the origin and the second is placed on any-of the k-coordinate 
axes. Hence, M,(2) = 1 + k. The remaining six expressions for M,(n) are 
derived in the same way. Since M,(6) is crucial for Corollary 11.9, we evaluate 
it using Table 11.1, which is self-explanatory. To obtain all possible k-dimen- 
sional partitions of 6, we add up all the entries in the right-hand column: 


1 + 10k a7(* 3(‘ 1 i : 
moat 10k + 27(4) 20(4) <r") 4 (4) 


which is the result asserted in (11.4.9). | 


COROLLARY 11.9. Equation (11.4.1) is valid for k = 1 or 2 and false for 
all k > 2. 


Proof. The case in which k = 1 is a special case of Theorem 1.1. The case 
in which k = 2 is Eq. (11.2.15). Equation (11.4.1) is equivalent to the assertion 
that p,(n) = M,(n) for all n; however 


k k 
u,(6) — M,(6) = (;) + (;) >0 for k > 3. 
Hence (11.4.1) is false for k > 2. | 


Given the disappointing nature of the foregoing results, we can well expect 
disappointment on other questions concerning higher-dimensional partitions. 

Observing that M,(3) = 6 = 3-2, M,(6) = 48 = 3 x 16, M,(9) = 282 = 
3 x 94, M,(12) = 1479 = 3 x 493, M,(15) = 6879 = 3 x 2293, we might 
be tempted to conjecture that 3|M,(3n) for all n. Our hopes are dashed, 
however, by the following: 


THEOREM 11.10. If k + 1 is a prime, then 
M((k + In) = O(modk +1), Len<(kt DS (L411) 
M,((k + I*t!) = 1 (mod k + 1). (11.4.12) 


Proof. We may represent each k-dimensional partition by a (k + 1)- 
dimensional graphical representation or Ferrers graph (merely place a column 


of n,,;,..-;, nodes on the line parallel to the x,,, axis passing through the 
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point (j1,j2.. - ->J,, 0). The group G of k + 1 transformations T°, T', T?,..., T* 


where 


Ts (X45 X25. 005 Xe ea) 7 (Xess X15 X29 + +5 Xe) 


always either produces from a given Ferrers graph k + 1 different Ferrers 
graphs or else leaves the initial Ferrers graph fixed. This is because G is a 
cyclic group of prime order and so any nonidentity in G generates the full 
group. If a Ferrers graph is left fixed by G, then since the only fixed points 
under any 7'eG are points on the diagonal (x, x,...,.x), we see that the 
first Ferrers graph that partitions a multiple of k + 1 and is invariant under 
G is just the (k + 1)-dimensional hypercube with k + | nodes on each edge. 
Therefore, the k-dimensional partitions of (k + 1)n can be divided into 
disjoint sets of (k + 1) elements each (namely, the orbits of G) whenever 
0 <n <(k + 1)*. Thus (11.4.11) is valid. 

On the other hand, the only (k + 1)-dimensional Ferrers graph of (k + 1)**! 
that has k + 1 nodes on the diagonal is the hypercube just described. Since 
all the other k-dimensional partitions of (k + 1)**! may be separated into 
sets of k + 1 elements each, we see that 


M,(k + It!) = 1 (mod k 4+ 1). | 
Examples 


1. An examination of the structure of the successive ranks of a partition 
(see Section 9.3) shows that there is a one-to-one correspondence between 
each ordinary partition 7 = (A,,..., 4,) of n and ordered pairs of partitions 
(7, 2) where m, = (2,',42',...,4,),™ =r. AA, HA kK A-TDH ay", 
YC; + 4;") = n, 1, — 4, is the ith successive rank of x. 

2. The correspondence in Example 1 may be utilized to establish a one- 
to-one correspondence between plane partitions x of n with at most r rows 
and each part < m and ordered pairs (n’, 2"’) of plane partitions, each with 
strict decrease along columns such that each part of 2’ is at most m and each 
part of x’ is at most r. 

3. Example 2 and Theorem 11.4 may be used to prove Corollary 11.3 by 
the use of the technique that appears in Theorem I1.7. 

4, The Ferrers graphs of plane partitions (a concept introduced in Section 
11.4) may be used to define six conjugates of a plane partition 7 (these arise 
from the 3! possible permutations of the coordinate axes related to the three- 
dimensional Ferrers graph of x). We consider one of these conjugations, 
say t, for which tz is the plane partition in which each row of tz is the con- 
jugate (in the ordinary partition sense) of the corresponding row of nm. The 
trace of a plane partition x is the sum )\n;; of the diagonal entries in 7; 
the conjugate trace of x is the number of entries n;; of x such that nj; > i. 
The trace of x and the conjugate trace of tz are identical. 

5, The proof in Example 3 may be extended and combined with Example 4 
to show that the coefficient of zq" in 
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[]( — 2q")"" 
n21 
is the number of plane partitions of n whose trace is m. 
6. The asymptotic work of Chapter 6, namely, Theorem 6.2, is applicable 
to many of the plane partition generating functions. In particular, the number 
of plane partitions of n, p,,,.(n, 00), satisfies 


Paoyeals 00) ~ (6(3)27!)"96n= 25/36 exp (3-27 2/9¢(3)"/9n2/9 + 2c) 


where 
f yl 
7 ylogy 
C(s) = n*, c= | ———-- dy. 
ge 7 
ry 


The relevant functions for Theorem 6.2 are D(s) = {(s — 1), g(t) = 
e/((L — e~')’). 

Similar results can be obtained for numerous special cases of Theorem 11.7. 

7*. Let us consider those r-dimensional partitions whose nonzero entries 
Nii,--1, occur precisely at the points (i,, i,,...,i,) that define the graphical 
representation of a fixed (r — 1)-dimensional partition = of N. Let 
a,(51,-++, Sy) denote the number of r-dimensional partitions of m with strict 
decrease holding in Eq. (11.1.1) whenever any of i,, < j,,,i,, <Jsge seo ts, <Js, 
holds, where {s,,52,...,5,} is a fixed subset of {1,2,...,r}. Let {t),t.,...,t,-y} 
be the complement of {s,, 52,...,5,} in {1, 2,..., r}. If 


A(q) = BS a,AS15 S25.005 sq”, 


m20 
and 
Bo(q) = Vo an(tys 25+ +5 G—w)d™s 
m20 
then 


Bo(q) = (— 1)™q?™ A(1/q) 


where p(z) is the number of (r — 1)-dimensional partitions whose graphical 
representation is contained within the graphical representation of z. 


Notes 


This chapter has only briefly touched a very active area of research. The 
topic of higher-dimensional partitions, as such, originated with MacMahon 
(1916). However, Young tableaux (which are essentially equivalent to plane 
partitions with strict decrease along columns) were originated earlier by 
Rev. Alfred Young in his work on invariant theory. Since then, Young 
tableaux have played an important role in the representation theory of the 
symmetric group (see Rutherford, 1948); they also occur in algebraic geometry 
(see Lascoux, 1974a, b), and in many combinatorial problems (Kreweras, 
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1965, 1967). Stanley (1971) presents an extensive and readable account of 
current work, The material in Section [1.2 is from Carlitz (1967); his tech- 
niques were extended by Knuth and Bender (1972) to other plane partition 
problems. Hodge and Pedoc (1952) considered the case in which q = ft for 
a problem in algebraic geometry. The material in Section 11.3 was initially 
considered by Robinson (1938) and Schensted (1961) (see also Schiitzenberger, 
1963); we have presented Knuth’s (1970) extension of the Schensted construc- 
tion. The application to plane partitions is given by Knuth and Bender (1972). 
Recent research on plane partitions was surely inspired by the pathbreaking 
papers of B. Gordon and L. Houten (1968) and B. Gordon (1971). 

Theorem [1.8 and its corollary were given by Atkin et al. (1967). Tietze 
(1940, 1941) presented all the formulas for M,(j), | <j <5; however, he 
was upparently unaware of MacMahon’s conjecture. Wright (1968) has devel- 
oped another technique for the disproof of many instances of MacMahon’s 
conjecture. Theorem [1.10 is due to Andrews (1971); the technique arises 
from Wright (1968). The possibility of extending Rogers-Ramanujan type 
identities to plane partitions was considered briefly by Chaundy (1931); 
however, Gordon (1962) points out that Chaundy’s derivation is in error. 

Reviews of recent work related to the material in this chapter occur in 
LeVeque (1974), Section P64. 

Examples [-3. Knuth and Bender (1972). 

Examples 4-5. Stanley (1973). 

Example 6. Wright (1931). 

Example 7. Stanley (1972); Stanley’s work on (P, w)-partitions allows him 
to deduce the result in this example easily from a general reciprocity theorem. 
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CHAPTER 12. _ vm 


Vector or Multipartite Partitions 


12.1 Introduction 


As we saw in Chapter 4, problems often arise concerning the additive 
decomposition of nonzero vectors with nonnegative integral coordinates 
(also called multipartite numbers). Our work in Chapter 4 dealt with applica- 
tions of “‘compositions” of multipartite numbers. Now we shall consider 
partitions of multipartite numbers. As usual, compositions take order of 
summands into account; partitions do not. The elementary theory of multi- 
partite partitions resembles greatly the elementary theory of ordinary partitions 
presented in Chapter 1 related to infinite products. Unfortunately there is 
not known any truly simple type of infinite series that is as useful in treating 
multipartite partitions as the basic hypergeometric series (introduced in 
Chapter 2) are in treating ordinary partitions. Thus we only know of com- 
paratively simple identities related to multipartite partition functions (see 
Section 12.2), and we do not have any device like Euler’s pentagonal number 
theorem (Corollary 1.7) for the rapid calculation of any multipartite partition 
functions. The most useful theorems for actual evaluation of multipartite 
partition functions are presented in Theorem 12.3. 

L. Carlitz and others have considered problems of restricted multipartite 
partitions. In particular, they look at k-partite partitions 


r 
(ny... +, mm) = ¥ (My Myy-.., My) 
jl 


subject to the “decreasing” condition 
min(m,;,..., Mj) 2 max(my 5445-66) Majed): 


We shall examine such questions in Section 12.4. 


12.2 Multipartite Generating Functions 


We recall from Section 4.3 that by P(n) = P(n,, n2,..., n,) we denote the 
number of partitions of the “r-partite” or “multipartite” number (n,,2,...,n,) 
ENCYCLOPEDIA OF MATHEMATICS and Its Applications, Gian-Carlo Rota (ed.). 
2, George E. Andrews, The Theory of Partitions 
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(i.e., an ordered r-tuple of nonnegative integers not all zero). That is, P(n) is 
the number of distinct representations of n as a sum of multipartite numbers: 


n= FY 4 BO 4-4 BO (12.2.1) 
subject to lexicographic ordering & > E@*" of the parts: 
EO = (EO EO > (ED, EHD) = BUFD 


provided €, > "+" where j is the least integer such that &? 4&7”, 
If the number of parts in the partition is restricted to be at most j, we write 
P <(n; j). 

For simplicity in the treatment of the related generating functions we define 
Q(n) as the number of partitions of n into distinct parts where (0, 0,..., 0) 
may be a part, and Q(n; j) is the number of such partitions with j parts. If we 
desire that (0) be excluded as a part, we shall write Q,(n) or Q,(n; 7). The 
treatment in Chapter 1 extends directly to the study of P(n) and Q(n). In fact, 
obvious alterations of Theorem 1.1 allow us to prove that 

Yo Plays = PP (Degg, (12.2.2) 


My cane np 20 my 20-e-n,- 20, 
notall zero 


FY Olax ex = PP byt xg"x,")5 (12.2.3) 
Mya... tr FO mr 20---n,20 
here for absolute convergence we need only require that |x, <1 for1l < 
igr. 

It is now fairly obvious that all properties of ordinary (or unipartite) 
partitions that depend solely on infinite products can be extended without 
much effort to properties of multipartite numbers. For example, we have 
Cheema’s extension of Euler’s theorem: 

THEOREM 12.1. For every n, Q,(n) equals O(n), the number of partitions 
of m (see (12.2.1)) in which each part (E,,..., €,) has at least one odd 
component. 


Proof. As in the proof of Corollary 1.2, 
1+ Yo Qy(m)xy- +x," = TY CL + yx 2" ++ x,"7) 


(ny > (0) (n> (0) 
(1 — x42" 9282+ + +x, 2%) 
cny>(0) (CL = 471 2"2° + x,"*) 
[f:. GS) 


(1) > (0) 
at least one mz; odd 


YO)" -x,"5 
(ny > (0) 
hence, Q,(n) = O(n) for every (n). a 


\t 
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In surveying our work on ordinary partitions we see that the properties of 
partition ideals of order 1 presented in Section 8.3 were almost entirely 
related to the fact that the relevant generating functions were infinite products. 
We can, therefore, develop a corresponding theory for multipartite partitions. 
For example, we can obtain Subbarao’s generalization of Euler pairs for 
multipartite partitions: 


THEOREM 12.2. Let S, and S, be sets of positive integers. The number of 
partitions of m into parts B® = (E,,..., &) in which € € S, for alli 
and 1 <j <r and where no part repeats more than t — 1 times always 
equals the number of partitions of n into parts & with EeS,, 1 < 
i <r and some &,, € S, for alli if and only if tS; © S, and S, = S, —tS,. 


12.3 Bell Polynomials and Formulas for Multipartite Partition 
Functions 


To obtain useful formulas for computation, we shall utilize the well-known 
Bell polynomials, Although this procedure will not produce any result even 
approximating Corollary 1.7, it does produce effective computational for- 
mulas, especially since there exist extensive tables of the Bell polynomials. 

The Bell polynomials (first extensively studied by E. T. Bell) arise as an 
aid to the task of taking the nth derivative of a composite function. Namely, 
we hope to find a formula for the nth derivative of 


A(t) = f(9(t)). 


If we denote 


ah af dg _ 
= dg” — Ss dt" = In 


then we see that 
hy=fy 
hy =f192 + fogs" 
hy =f193 + 3f29291 + fag 


It is a simple matter to establish by mathematical induction that 


h, = Fi%n(Gis- oe tig 9n) + f2%q2(915- sissy Gn) a aa 
+ fal Gis- + +> In) (12.3.1) 


where «,(91,---, 9,) is a homogeneous polynomial of degree i in g,,..., 9,- 


12.3 Bell Polynomuals and l-ormulas for Multipartive Partition functions £0 


In light of this last observation, we see that the study of h, may be reduced 
to the study of the Bell polynomials: 


Y,(91, 92- tty In) = On1(G45- * > In) + On2(G15- ey In) 
ttt OalG5-- +s In): (12.3.2) 


Note that Y, is a polynomial in n variables and the fact that g; was originally 
an ith derivative is not necessary in the consideration of (12.3.2). Finally, we 
note that the choice of the f(t) as e* in (12.3.1) produces the simple formula 


Yi(y1s Yas Vae-+ > Vn) = aaa ra (12.3.3) 


This formula is important for two reasons: First, it provides a nice recurrence 
for the Bell polynomials (we now write D = d/dt): 


Yn410G1> G20-+ +5 Geri) = @ *D"(De*) 
=e "D"(g,e") 


> (") (e-#D"-*e8)Dkg, 
RAV; 


aijn 
= >, (‘) Y,-(915- oes In-WGk+1+ (12.3.4) 
=0 


Second, we obtain from (12.3.4) a concise expression for the generating 
function of the Bell polynomials: 


Bu) = Y --. (12.3.5) 
n=9 
The desired expression is 
log Au) = ¥. “ae. (12.3.6) 
n=1 . 


To verify (12.3.6) we need only differentiate with respect to u and observe 
that a comparison of the coefficients of u” in the resulting equation produces an 
identity equivalent to (12.3.4). 

If we exponentiate (12.3.6) and expand the infinite product of exponential 
functions on the resulting right-hand side, we obtain the following explicit 
formula for the Bell polynomials: 


k k k 

n! ie) (&) 
V(o,,..09,) < Yo -tt—.(9) "(92)"... (9). Gass 
rent Zagat) (5) (Rh) 2a 
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The Bell polynomials are useful in many problems in combinatorics; we 
shall restrict our consideration to their application in multipartite partition 


problems, 
Let 
P iss XH P= be Sy Pda px eons (12.3.8) 
(n)>0 
2flx.6%) = 2,= 14+ ¥ Olay sx +0"; (12.3.9) 
(my>0 
Fu) = 14+ VA's (12.3.10) 
d= 
Gu) = 1+ ¥ Iw. (12.3.11) 
j= 


THEOREM 12.3 
P, = Y{O'B(1), 11B,(2), 2!B,(3), 318,(4),...5G — IIB) 
(12.3.12) 
(— 12, = ¥¢— 018,11), — 118,(2), — 218,(3),..., — G — DIBG)MI 


(12.3.13) 
where B(m) = []i-,(1 — x") '. 


Proof. The arguments establishing Eqs. (12.2.2) and (12.2.3) are easily 
refined to show that 


F(a) = T] (il — uxy"x2"7- ++ x,"")! (12.3.14) 
and ses 

G(u) = Ia + ux,™x,"-+-+x,"), (12.3.15) 
Therefore — 


log Fw) = — ¥ log(1 — ux,"x2"2- ++ x,") 


n20 


!) 


ytd gy ay 


m=1 


£m — 4p. (12.3.16) 


m=1 
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Equation (12.3.14) now follows from the fact that (12.3.16) is a special case 
of (12.3.6), which is equivalent to (12.3.5), Next 


log G(— u) = — log F(u) 
=- Peri — 1)!8,(m), (12.3.17) 


and this yields (12.3.13). a 


To illustrate the usefulness of Theorem 12.3, we calculate F,: By (12.3.12) 


P, = 4Y(B(1), B(2)) 
= 4(B,(2) + B,(1)”) 


=5|Ma-2-'+ Ta-x 
2 List i=1 

[Ti-1 1 + x) 

je — x;)? 


[fied ~ x) +a + x), (12.3.18) 


20 Th-11 — xa — x?) 


From here it is a reasonably simple matter to compute the actual series 
expansion, 


12.4 Restricted Bipartite Partitions 


To conclude this chapter we shall consider certain restricted partitions of 
bipartite numbers for which considerations similar to those used in Section 11.2 
seem to work surprisingly well. 

We shall look at z(n, m), the number of partitions of (n, m) into “steadily 
decreasing”’ parts, that is, partitions of the form 


(1, m) = (4, m,) + (n2, m) a a ate (n,, m,) (12.4.1) 


where min(n,,m,) > max(n;,1,1;41), i < i <r. Our main result (due to 
L. Carlitz) is Corollary 12.5, which is a partition identity different from the 
simple extensions of partition ideals of order 1 considered in Section 12.2. 


THEOREM 12.4. For |x|] < 1, |y] < 1, 


y x(n, m)x"y” =Tqa — xty HN = xt Fy xPey2yo (12.4.2) 
a=1 


a.m20 
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Proof, Let x(a, bln, m1) denote the number of partitions of (n, m) of the 
type (12.4.1) subject to the additional restriction min(a, b) > max(n,, m,), and 
write 


Cab ad Y na, blr, s)x7y". 


r,sz0 
Then clearly 
min(#,m) 
am = XS rs (12.4.3) 
r,s=0 


where we have merely classified each partition with largest part max(r, s) < 
min(n, 17). 
Hence if 


F y(u) = Y Wore 
r=0 
then by (12.4.3) (nole that ,, = San fr > ny Sam = Ein if n > m) 


Piney es xé,, 


n=0  ¢,s=0 


n 
Sy XG Ow 


r,s=0 nm=max{r,s) 
a) o roe) 
= Dyess y WG i ee, a 
r2s r<s n=s r=0 n=r 


= (I = ue ; 2 (xu)"y*e,5 + Y x’(yuy’ oi x (ssF el 
r=0 


r2s r<s 


== 0 f= 0S CoH 
s=0 


+ (1 = yuh 2D xyuye,, = Ytawyen| 
r=0 r=0 
= (1 ~ xyu?) 
= an =x) Fy(uxy). (12.4.4) 
Iteration of (12.4.4) yields directly 


(1 cee See eae) 


Fy(u) = Il - 


a= Cd: 2 _ xt yt ul — thy y'uy(l — x" myn tly) (12.4.5) 
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Finally (by Abel’s lemma): 


¥Y x(n, m)x"y™ = lim ¢,, 
n,m=0 r-?00 
= lim (1 — u)F,(u) 
ul 


= (1 — x28 120-1) 
naa (Lh — x"y"\(L — x" *y\(1 — xty""*) 

1 

nen (Ley — x FKL = ty) 
Since the infinite product in (12.4.2) is clearly the generating function for 

n,(n, m), the number of bipartite partitions of (n, m) in which all parts are 


of the forms (2a, 2a) or (a — 1, a) or (a, a — 1), we obtain the following 
result immediately. 


CorOLLarY 12.5. For all n and m, n(n, m) = 1,(n, m). | 


Examples 


1. The formula of Cayley (referred to after Example 2 in Chapter 5) 
1 1 


apie =) — eens pte Sty ae ean ag 


(1 — qi — 42): (1h — qi) 17:2P23?3- + Pip, pa! p;! 
1 


x ee eden wage dican cape Poets Eg fat rp ee hee, a ter aaa 
(1 = gy? — gq?) (1 = g'Pe’ 
where the summation runs over all partitions (17'2?23"3---) of i, is an imme- 
diate corollary of Theorem 12.3. 

2. The summatory maximum of n,,n2,...,n,(writtensmax(n,,2,...,n,))is 
defined by smax(n,,72,...,",)= ny tm. +++: +n,—(r—1)min(n,,n2,...,n,). 
The identity smax(n,, n,,...,”,) = max(n,, m2,...,m,) is valid in general 
only if r = 1 of 2. 

3. The proof of Theorem 12.4 may be extended to prove that the number 
of partitions of (n,,...,n,) in which the minimum coordinate of each part 
is at least as large as the summatory maximum of the next part equals the 
number of partitions of (n,,..., ,) in which each part has one of the 2r — 1 
forms(a + l,a,...,a),(a,a + 1,a,...,a),...,(a,a,...,a,a + 1), (ar + 2, 
ar + 2,...,ar + 2), (ar + 3, ar + 3,...,ar + 3),...,(ar+rartyr,..., 
ar + r)(a > 0). The proof relies on the crucial observation that 


a I + l -l= l= xyu? = 
l—xu * 1— yu (1 — xu)(1 — yu) 


is a special case of 
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1 1 1 
t qegl ea + G—ux,) (ux) 


1 = XyxX2"" *x,u" 
(1 — ux,)(1 — ux2)-+-(1 — ux,) 


4, From (12.3.18) it follows easily that the number of partitions of 
(n,n,°+-n,) into at most two parts is [4(n, + 1I(n, + 1)-+-(m, + LD) + 41. 
We note that such formulas for any P(n;j) are directly computable from 
Theorem 12.3. 

5. Application of Eq. (12.3.6) to Example 5 of Chapter 11 shows that the 
generating function for plane partitions with trace n is 


iS Olg | 1!q? ; 2!q3 : (n — 1)!q" 
n! (i —qP'-@y’(l-@P a a 


6. From Example 5 we see that the generating function for plane partitions 
with trace 2 is 


70+ 7) 
(1 — q(t — 4’ 
7, The number of partitions of (n,,...,,) is the same as the number of 


factorizations (order discounted) of the integer N = p,"'!p2"2---p,"" where 
the p; are primes. Thus there are four factorizations of 12: 12, 6-2, 4-3, 3-2-2; 
and there are four partitions of (2, 1): (2, 1), (1,1) + (1,90), (2,0) + (0, 1), 
(1, 0) + (1, 0) + (0, 1). 

8*. It is not difficult to show that 


{TI ql = x) _ x7): d “(ll 4 xf PAX), X20-- +9 x,) 
i=1 

is a polynomial in x,, x2,..., x,; this follows from Theorem 12.3. Somewhat 
surprising is B. Gordon’s theorem that the coefficients of this polynomial 
are all nonnegative. 


Notes 


MacMahon (1915-1916, 1917) was the first person to investigate multi- 
partitite partitions in detail. An extensive account of recent work is given by 
Cheema and Motzkin (1971). Theorem 12.1 is due to Cheema (1964) and 
Theorem 12.2 is due to Subbarao (1971). The Bell polynomials (studied 
extensively by Bell, 1934) are treated in greater detail by Riordan (1958) and 
Comtet (1974); Eq. (12.3.7) is known as Faa di Bruno’s formula. N. J. Fine 
has done some very interesting work connected with sums like (12.3.7). 
Theorem 12.3 goes back to MacMahon (1917); it has also been rediscovered 
by Wright (1956). Theorem 12.4 is by Carlitz (1963a, b); related work is 
done by Carlitz and Roselle (1966), Roselle (1966a, b), and Andrews (1976). 
Reviews related to the material in this chapter are found in Section P64 of 
LeVeque (1974). 
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Example 1. MacMahon (1915-1916). 

Examples 2, 3. Andrews (1976). 

Example 8. Gordon (1963). 

With regard to Example 8, we must mention the work of L. Solomon 
(1977). He interprets (12.3.10) and (12.3.11) as Poincaré series of certain 
graded vector spaces associated with the symmetric group S, on n letters, 
and he is able to show that the polynomial in Example 8 is also a certain 
Poincaré series. This interpretation of these polynomials immediately implies 
Gortdon’s theorem. Numerous other interesting relations between multi- 
partitite partitions and group theory are explored in Solomon’s paper. 
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CHAPTER 13 


Partitions in Combinatorics 


13.1 Introduction 


The subject matter for this chapter could well fill a book by itself. Our 
justification for an abbreviated treatment lies in the fact that our expressed 
goal was to treat the term “partitions” primarily as “partitions of numbers.” 
Not surprisingly, partitions of numbers often are closely related to partition 
problems in combinatorics. For this reason, we shall look at a few topics 
where partitions of numbers play an important role: finite vector spaces, 
partitions of sets, and symmetric functions. The first topic mentioned has 
been studied extensively in recent years; we shall present a simple but fun- 
damental result of Knuth that relates partitions to the combinatorics of both 
finite vector spaces and finite sets. Partitions of sets have been neatly related 
to symmetric functions recently by P. Doubilet and we shall introduce this 
work in Sections 13.3 and 13.4. 


13.2 Partitions and Finite Vector Spaces 


We recall from Chapter 3 (Theorem 3.1) that the Gaussian polynomial 


i 7” ") - (Vem 
M (Q)n(Q) 


is the generating function for p(N, M,n), the number of partitions of n into 
at most M parts each not exceeding N. Surprisingly (at first), these polynomials 
arise in the study of finite vector spaces: 


THEOREM 13.1. Let V,,(q) denote the vector space of dimension n over the 
finite field GF(q) of q (= a prime power) elements. Then there are ["] sub- 
spaces of V,(q) of dimension m. 


Remark. We present two proofs: The first is fast and elementary. The second 
shows explicitly the relationship between partitions and finite vector spaces. 
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First proof of Theorem 13.1. To determine the m-dimensional subspaces 
of V,(q), we first determine all possible m-tuples (v,, v2,..., vm) of mm linear- 
ly independent vectors. Such m-tuples may be chosen as follows: y, may be 
any of the g” — 1 nonzero elements of V,(¢); v, may be any of the g” — qg 
vectors lying outside the subspace spanned by v,; v,; may be any of the 
q" — @ vectors lying outside the subspace spanned by {v,, v,}, and so on. 
Hence the m-tuple(v,, v.,..., v,) may be chosen in 


. (a — WXa" — aXa" — 4?) a" — a) 


ways, 
Now each such m-tuple (v,, v2,..., vm) Spans an m-dimensional subspace 
of V,(q); however, several may span the same subspace. In fact, precisely 


(q™ — 1(q" — q)---(q™ — q™"') 


span the same subspace since this number is the number of ways of choosing 
a subset of m linearly independent elements from V,,(q). Hence the number 
of m-dimensional subspaces of V,,(q) is 


(q" — 14" — q)---(q" — 4""') 
(q™ — 14" — q):--(q™— q™"') 


3 g— ym = qX = gt) = gt) 
g— 1) = QMX = 4) =) 


-(} 


Second proof of Theorem 13.1. We choose a fixed basis for V,(q), say 
Uy, U2,...,u,. Then we know from linear algebra that each subspace of 
dimension m has a canonical basis v1, v2,..., 0, given by 


v= Y Cys = (Cis Cir,» Cin) (13.2.1) 


where C,,= 1, Cy, = 0 for j>r, C,,=0 for s <i, for |<i<gm, 
n2>ry>r,>-+::> +r, 2 1. Forclarity let us consider n = 9, m = 5,r, = 8, 
re=7,7r3 =S5,7r4 = 3,75 = 2: 


U, = (Cy > 0, 0, Cia, 0, Cre 0, 1, 0), 
Uz = (Cy, 0, 0, C24, 0, Cr¢, 1, 0, 9), 
U; = (C1, 0, 0, C34, 1, 0, 0, 0, 0), 
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U, = (Car, 0, 1, 0, 0, 0, 0, 0, 0), 
Us, = (Cs,, 1, 0, 0, 0, 0, 0, 0, 0). 


Now the positions of the undetermined C;, in the foregoing array correspond 
to the graphical representation or Ferrers graph 


of the partition 3 + 3 + 2 + 1+ 1 of 10. Thus since each undetermined 
Ci; may be chosen in q ways, there are q'° subspaces of Vg(q) with this form 
of canonical basis. Indeed we see that to each partition of r with at most m 
parts and largest part at most n — m we may by the foregoing procedure 
produce q’ different subspaces of dimension m. Therefore the total number 
of subspaces of dimension m is 


(n—m)+m n]- 
wn — mm, na =| |-| | 


m m 


ims 


r 


by Theorem 3.1. | 


There are many other theorems relating Gaussian polynomials to finite 
vector spaces; we mention a few in the examples. 


13.3 Partitions of Sets 


Let us begin with the simple question: How many ways cana set of n elements 
be split up into a set of disjoint subsets, that is, how many “partitions” are 
there of n = {1, 2,..., n}? 

The answer to this question is called the nth Bell number B, (after Eric 
Temple Bell). Table 13.1 gives the first few Bell numbers and the related 
partitions. 


Table 13.1 
n Partitions of {1, 2,..., a} B, 
0 ¢ ! 
| {1} | 
2 {1, 2}; {1}, {2} 2 
3 (1, 2, 3}5 {1 2}, (335 C1, 3}, (2); (2, 3}, ds CU (23, BFS 


aN re Lovee Be pees 
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We remark that if x = {8,, B2;- +> By} where each B, < {1,2,...¢n} = 
then x is a partition of n provided Un B, = mand Bn B,=¢ (the sae 
set) whenever i # j. The f, are called the blocks of x. Noticé that there is a 
unique partition (in the sense of Chapter 1) of the number n associated with 
each x, namely, the partition A(x) whose parts are {8,|, |B2|, |Bsl.:.-, Bul 
where |f;| is the number of elements of the block B56, os 

For simplicity of notation we make the following conventions concerning 
the partition A = (nynz*+-n,) = (1"2723"- ++) of the ndémber n: = 
AL = ny inzing!--en,,! = 1121723 173---, : ee 


[Al = ry!rztrs!---, mu ae 


sign A = (— earre =(- pfrertni Da — foto, 2% 


’ THeoreM 13.2. For each partition A of n given by (oro thin) het 
are exactly hi ed ; & 
“ 4 
es te ee i oa? 
Aah AgiDAQ) (ml fab 7 
partitions x of n for which A(x) = A. 


Proof. We begin with the standard interpretation of the multinomial 
coefficient, namely, that there are 


a ee ( i 13.3.1 
n,!nz.!---n,! _ Thi, Mz,---5 ny ( 3 ) 


ordered j-tuples of subsets (S,,...,5,) that are mutually disjoint, whose 
union is {1, 2,..., n}, and where |S,| = n,. To see this we note that the set S, 
can be chosen in (,") ways and the remaining j — | sets can then be chosen in 


n—n 
Nzy.- +, My 
ways. Consequently 


( : (")( Ns, ) 
Nyy May. 605 nj ny Nay May. . 05 n; 
ny nN2 N3yMa,-- -y My 


‘ 
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n\{[n-— mn N—Mmy— Ng -'t'— Nyy 
ny nN n; 


! 
pny tere Loe (13.3.2) 
ny!ng!: “ony! 


Hence if there are A, singleton subsets, 1, two-element subsets, and so on, 
then the number of ordered (A, + A, + +--+ A,,)-tuples of subsets partitioning 
nis 


n! 


(1)2(21)72- + (mem (13.3.3) 


Several of these ‘“‘ordered”’ partitions may correspond to the same partition 
of n; in fact, the one-element subsets may be permuted /,! ways, the two- 
element subsets A,! ways, and so on; consequently, the number of partitions 
nm of n with A(x) = A is just the number in (13.3.3) divided by A,!A,!---A,,!, 
and this is precisely the assertion of this theorem. ea.) 


THEOREM 13.3. The following formulas hold for the Bell numbers: 


Basi => (;) B,; (13.3.4) 


B, = Y,(1,1,..., 1) 


(where Y,(91, 925---> Gn) is the Bell polynomial defined in (12.3.2)); 
Y =" = exp(e* — 1). (13.3.6) 


Proof. We shall prove (13.3.4) using a simple combinatorial argument. The 
other identities follow directly from properties of the Bell polynomials 
derived in Chapter 12. 

There are B,,, partitions of n + 1 = {1,2,...,n + 1}. Now n + 1 lies 
in a block of size k + 1 where 0 < k <n, and there are clearly (7) choices 
for this block. Once this block is chosen, the remaining set of n — k numbers 
may be partitioned in B,., ways. Hence, summing over all admissible k, we 
see that 


But -5()) Bis -5 (7) B,, 


which is (13.3.4). 
Equation (13.3.4) together with By = 1 uniquely determines the Bell 
numbers. By (12.3.4) we see that Y,(1, 1,..., 1) satisfies the same recurrence, 


13.3 ‘ Partitions of Sets 217 


and since Y,(1,1,..., 1) = 1, it follows that B, = Y,(1,1,..., 1) for all n. 
Hence (13.3.5) is valid; 2 2 
Finally by (12.3.6), a, 


which is (13.3.6). , "= 

For our applications to symmetric functions in Section 13.4 we must briefly 
consider the lattice L, of partitions of the set {1, 2,..., m} = m. Our ultimate 
object is to obtain Theorem 13.9, which provides an explicit sompulatonel 
formula for the M6bius function of this lattice. 

First we define a partial order on L, by saying m, < 1, whenever each 
block of 2, is contained in a block of 7,. It is a simple matter to show that 
under this partial order L, forms a lattice. The union (or join) m, v mz is the 
coarsest common refinement of m, and x2, namely, i and j are in the same 
block of z, v 7, if and only if they are in the same block in 2, and in the same 
block in 2,. The intersection (or meet) n, A 7, is, on the other hand, defined 
by the condition that i and j are in the same block if and only if there exists 
a chain i = ip, i,, i2,...,i, = Jj such that for 0 < m <r, i, and i,4, are 
in the same block of x, or zp. 

The incidence algebra is the algebra of real-valued functions of two 
variables whose domain is L, x L, where addition is standard addition of 
functions, and multiplication is defined by the convolution: 


(fam, %) = Y f(t, ™)9(n, 2). (13.3.7) 


1 SKSK2 


The unit of this algebra is clearly the Kronecker 6-function: 6(x,, 72) = 1 if 
m, = 7m, and O(7,, m2) = O if x, ¥ m2. Another fundamental function is the 
zeta function: ((7,, 22) = Lif x, < m2, C(m,, 22) = Oif my € 1. 

The following two results are phrased for the lattice of partitions L,; 
however, they are valid in a much more general setting where L, is replaced 
by any locally finite partially ordered set. 


Lemma 13.4. The zeta function C(x, 12) possesses an inverse in the incidence 
algebra (to be called the Mobius function p(7,, 7). 


Proof. We proceed by induction on the number of elements in the segment 


[m,, m2] = {x|7, ng 12}. 


218 Partitions in Combinatorics Chap. 13.3 


If the segment has only one element, then clearly x, = m2 and p(7,, 7,) = 1. 
If (21, 22) has now been defined whenever [7,, 22] has less than k elements, 
we see that if [7%,, 7,] has k elements, then 


HH, 72) = — », H(Z,, 7), 


Ry Rn<n2 
and so p(#,, #2) is uniquely determined. | 


THEOREM 13.5 (M6bius inversion). Let f(z) and g(x) be real-valued functions 
with domain L,. Then 


gm) = f(x) forall neL, (13.3.8) 
if and only if 
f(%o) = ¥ gu, %) ~— forall xy éL,,. (13.3.9) 
Furthermore 
9(%) = »S f(x) ~— forall a eL, (13.3.10) 
if and only if \ 
f(t) = L H(%,2g(n) ~—s forall nye L,. (13.3.11) 


Remark. Other names for the Mébius inversion process are ‘‘the generalized 
inclusion-exclusion principle” and “generalized sieve methods.”’ When the 
lattice under consideration is not L, but the lattice of subsets of a finite set 
ordered by “inclusion,” the M6bius inversion process is precisely classical 
inclusion—exclusion. 


Proof. Each of the four implications asserted in the theorem is proved in the 
same manner. We shall therefore only prove that (13.3.8) implies (13.3.9). 
Assuming (13.3.8), we see that 


Y g(r, To) = > >, f(x )u(a, To) 


nn RExg x’'Sx 


= VsI@) YY ua, r) 


Rn’ S20 Kn’ SxS 


= LY SH MEME’, 7) 


n’S 20 


= ps f(RY8(2', 1) = F(A). a 
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Our next result provides the necessary groundwork for the computation 
of »(0, 1D) where 0 is the minimal element of L, (0 = [{1, 2,..., n}] and I is 
the maximal element of L, (7 = [{1}, {2},-..-., {n}]). 


DEFINITION 13.1. Let ¢ be a function from m to a set C. We form a partition 
n by putting i and j in the same block if and only if ¢(i) = $()); x is called 


the kernel of ¢, and we write Ker ¢ = 7. 


Lemma 13.6, Let ne L,, and let C be a set with X elements. Let f (8) denote 
the number of functions ¢ from n to C with Ker ¢ = &, then 


f(x) = X(X -— 1): (X — Wn) + D= (Das) (13.3.12) 
where w(x) is the number of blocks of x. 


Proof. The elements of the first block may map onto any one of the X 
elements of C; the elements of the second block may map onto any one of 
the remaining X — 1 elements of C, and so on. Hence, the total number of 
functions admissible is 


X(X — 1~X — 2)-° (KX — x) + 1) = (Dey a 


COROLLARY 13.7. For each ng € L, 


2 (Dyce) = KPO; (13.3.13) 
Y Xun, 10) = (Dycnoy (13.3.14) 


RKO 


Proof. Equation (13.3.14) follows from (13.3.13) by Theorem 13.5. To see 
(13.3.13) we count in two ways the number of functions from n to C that 
remain constant on the blocks of 79. Clearly there are X”*°) such functions. 
On the other hand, we may split these functions up according to their kernel 7. 
Now the only admissible kernels 2 are those partitions which are “refined” by 
To, that is, those 2 such that 7 < mo. Hence, by Lemma 13.6, the number 
of functions from {1, 2,..., n} to C that remain constant on blocks of 7 is 
(XOjcx3 therefore 

ny (yx) =X ae) 


RKO 


which establishes (13.3.13) and completes our proof. | 


We now introduce the well-known Stirling numbers of the first kind 
s(n, k), and Stirling numbers of the second kind S(n, k): 


(x), = ¥ s(n, k)X*; (13.3.15) 
k=0 
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xe = >; S(n, kX X),. (13.3.16) 
k=0 
THEOREM 13.8. 

>) 1 = S(n, k); (13.3.17) 

Een 
y u(x, DI = s(n, k); (13.3.18) 

ear 

20,1) = (— 1)" '(n — “DYE. (13.3.19) 


Proof. From (13.3.13) with 7) = f, and thus v(z») = n, we see that 


X=) (Ove = Zr ( y ) (13.3.20) 
neLy k=0 ae 


but the S(n, k) are clearly uniquely determined by (13.3.16) and so since 
(13.3.20) is of precisely the same form, we conclude that (13.3.17) is valid. 
Equation (13.3.18) follows from (13.3.14) and (13.3.15) in exactly the same 
way. 
Finally, since there is only one single block partition of n = {1, 2,..., n} 
(namely, 0), we see that by (13.3.18) 


HO, I) = s(n, 1) 
= coefficient of X in X(X — 1)---(X —n + 1) 
(— 1" "(a — DS 
which is (13.3.19). a 


THEOREM 13.9. Suppose m,,7,€L,, %, < m2. We define the partition 
A(%q, 12) = (171272373 ++ m'™), where r; is the number of blocks of 7, made 
up of exactly i blocks of n,. Then 


m 
= (@i-1) 
i=1 


(n,m) =(—1P2 Il (G-— pr (13.3.21) 
#=1 


Proof. Inspection of the segment [z,, 2,] reveals that it is isomorphic 
to the direct product of r, copies of L,, r, copies of L,,..., and r,, copies 
of L,,. It is not difficult to see that the Mébius function on the direct product 
of partially ordered sets is just the product of the Mébius functions. Hence 
we obtain (13.3.21). | 
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13.4 The Combinatorics of Symmetric Functions 


If we refine the considerations of Section 13.3 concerning functions whose 
domain is a set of n elements, we are immediately léd to the elementary theory 
of symmetric functions. This approach to symmetric functions not only 
provides us with a simple proof of the fundamental theorem of symmetric 
functions (Theorem 13.12), but, more importantly, yields quite computable 
formulas for the coefficients in many classical symmetric function identities 
(see Theorems 13.11 and 13.12). 

We now consider the set F of functions from m = {1, 2, 3,..., m} to a set 
C that is countably infinite: 


C= {x1, X21 X35-- je 


The elements of C are to be viewed as the indeterminates for the ring of 
polynomials with countably many variables over the reals. 


DEFINITION 13.2. For each f € F, the generating function (f) is defined by 


WN) = TP@ = Tp, 
den i=1 
and if 7 c F, we define 


T) = DV). 


SeT 


Our initial work concerns three special subsets of F: 


XH, = {fe Fl\Kerf = 7}, (13.4.1) 
S, = {fe F[Kerf < x}, (13.4.2) 
Ht, = {feF|Kerfv n= 1}, (13.4.3) 


and we let k, = y(%,), s, = 7(7,); 4, = WHA%,)- 

Notice that the subscript z on each of k,, s,, and a, refers to a partition of 
the set n. The following definition concerns subscripts that are partitions of 
integers. 


DEFINITION 13.3. For each integer n and each partition A = (A,A,A3°°-A,) 
of n we define 


= aiyaz... 
ky =D) xpixie exis, 
Oy = XX Xn» a = 4a,4g, Oa, 


=: n = Sad 
S, = Do x/, S, = $3,S2,°°°Sa,- 
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The next theorem clarifies the relationship between functions whose sub- 
script is a partition of n and those whose subscript is a partition of an integer. 


THEOREM 13,10, For each partition x of n, 


ky = lA(a) Kany (13.4.4) 
Sx = Sacnys (13.4.5) 
a, = Mr) !ay¢x)- (13.4.6) 


Proof. We write 
A(m) = (171272373+ ++) = (ny, 12,000 Mg) 
First we examine k,: If fe k,, then Ker f = 2, and so 
WS) = xix xi. 


Furthermore it is clear that r,!r,!r,!--- = |A(x)| elements of k, have exactly 
this generating function. Consequently 


key = SAC ixtt xin 
= \A(7) Kacey 


Next we treat ,: From (13.4.2) we see that fe , if and only if its kernel 
is less refined than z, that is, if and only if f is constant on blocks of z. Hence 
if the blocks of a are B,, B,, B;,..., B,, then 


5, = (P,) 


=F xh) 


LEP x 


= Vp fle,)(fle)* «VC lp, 
SEF x 


i. ll oe HS) 


functions 
Si:Bi7C 


m 
= Il (x, |: 4 x,!Bd 4+ x4!Bl fee ‘) 
f=1 


m 
= [[55, = Sacny 
i=1 
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Finally we consider ~&,: For each fe %,, we have Kerfv 2 =I; this 
means that no two numbers in the same block of f can be in the same block 
of x as well. The latter formulation is equivalent to saying that f is one-to-one 
on the blocks of z. Therefore if the blocks of m are B,, Bz, Bs,..., B,,» then 


ay = HA,) 
= > ¥ la, vf |s.)° ° WSs, 
SEF « 


m 
=I1/ © 
i=1 one-to-one 
functions 
S2B;-C 


Now each y(f) in this last expression is of the form x,,x,,°**X;,,,,. and each 
such term arises from |B,{! such functions. Hence 


= os 1B! XX 2°" "Xp 
= (BB! * (BE! ay5,;4)8.)°° 4B. 
= A(t)! 4g): 2 


Our next result will be seen to imply easily the fundamental theorem on 
symmetric functions (Theorem 13.12). 


THEOREM 13.11. For each partition x of n, 


k, = ¥ HC, 2)s,, (13.4.7) 
= ae!) X uo, 2) (13.4.8) 
Pires nZ H(a, t)a,. 4. 


Proof. We begin by observing from (13.4.1), (13.4.2), and (13.4.3) that 


5, =>) k,; (13.4.9) 
Ge Se ee (13.4.10) 
oroven=i 


Equation (13.4.9) can be easily transformed via Mdbius inversion (Eq. 
(13.3.8)): 


k, = 2 SoH(G, T), 


o<n 


which is (13.4.7). 
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The second portion of this theorem is somewhat harder, requiring a double 
application of Mébius inversion: By (13.4.10) 


a, = ) ov 2, Ik, 


=r ( 5 we) ky 


o \tBoevenr 


= Yu, I) Y k,. 


t2K o<e 


Hence by Mébius inversion 


u(x, I) pe k, = ¥ (a, t)a, 


t2K 


or 


HT, 1) | 
ko a, 13.4.11 
Xe Liat) tee 
which is permissible since p(x, 1) # 0. Applying Mébius inversion to (13.4.11), 
we See that 


HG, T) Do 
taps u(e, n) x uo 1) a, 


which is (13.4.8). | 


THEOREM 13.12 (Fundamental theorem on symmetric functions). Every 
polynomial symmetric function in the variables x,, x2, X3,... is actually 
a polynomial in a,, a2, 43,.... 


Proof. Let p(x,, X2, x3,...) be a polynomial symmetric in the x;. Then 


P(X, X2,X3)-- -) 


— AL nz Am 
2 F Eee XyXin’ Xtn 
Ny2ni20 


PS Coingnscuee Kniigiaesdstiecy 


Ny2eny20 


1 


Cayna-**m Go 
Niea20  "™™ |A(x)| * 


(where each x is some partition of some n (n < N, +°°:+ N,,) with m 
blocks of size n,, 22,..-, %mq) 


Examples 225 


=F anemia 2 eR E ao.) 


Niemeo Aa) \o<e HG, D Se 


=. Sve : (x HO) ¥ wi, OC) !440) 


Ny2ni20 te ge |A(z)| En ue, 8) t2e 


and since the a,,,, are products of the a,, we have the desired result. | 


Examples 


1. If we consider a vector space V,(q) over GF(q) of dimension n, and 
count linear transformations f of V,(q) into a space 2 over GF(q) of X 
elements subject to the condition f(V,(q)) 0 Z = (0), where 2 (with Z 
elements) is a subspace of 2, then it is easy to show that the number of such 
transformations is 


(X — ZX — Zq)---(X — Zq"~"). 


2. If in Example 1 we require further that the linear transformations f must 
be such that f(V,(q)) 7 Y is of dimension k, where Y is a subspace of % with 
Y elements, then the number of such f is 


| (¥ — ZY ~ Zq)-°-(Y¥ — Zq*"'(X — YX — Yq)-+-(X — Yq"™*"?). 


3. Examples 1 and 2 imply that 
a-1 a nj} kr! a-k-1 
I(x - Za = 2 Hl I] (vy - Za’) T] (x - Ya". 
x=0 LK] j=0 h=0 


i=0 


4. Example 3 may also be deduced from Corollary 2.4. 
5. The linear operator ZL on polynomials in X over the complex numbers 
given by 


L(X — 1f{X -— gq) (X - gh) =1 
satisfies 
a [n 
HE 2, AF 


6. Let V,,(q) be an m-dimensional subspace of V,,,,(q). By counting the 
h-dimensional subspaces of V,,,,(q) that intersect V,(q) in a k-dimensional 
space, we may prove that 


Eldle7 dee -["5 7} 


7. For any sequence of integers a,,a,,..., a, such that a,,, — a, = O0or 
1 for 1 < i < n, it is true that 
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N = To git Weenie) mc 8 ei ‘ 
n k=0 k n—k 


8. From (13.3.16) it is easy to deduce that 
S(n + 1, k) = S(n,k — 1) + kS(n, k). 
9, From (13.3.16) and the trivial identity 
Xe*t = X14 (X — 1), 
it is easy to show that 


S(n + 1,k) = ‘ (7) suk - 1). 


10. From Example 8, it follows that if S,() = Yn-o S(n + k, Kt", then 


SD = S,- (0) 


1—kt 


Hence 


1 
S)'= (— 90 — 2) — ko” 


11. For each partition A of n, we consider a, = Yyi-n Ca,k,. From Theorem 
13.11 we can show that C,, = C,;. 

12. For every pair of positive integers n and k, each partition of n!k into 
parts each not exceeding n is actually a sum of k partitions of n!. For example; 
there are 37 partitions of 18 = 3!3 into parts each < 3: 

(3°) = (37) + (37) + G”) (2°) = (2°) + (2) + (2°) 
(123°) = (123) + (37) + (37) (1°23) = (193) + (2°) + (7) 


(193°) = (193) + (3?) + (37) (18273) = (193) + (172?) + (3?) 


(2934) = (23) + (37) + (3?) (17239) = (1) + (123) + (3?) 
(17273*) = (1727) + (3) + (37) (1°3*) = (1°) + (1°3) + (3) 
(14234) = (1°2) + (37) + G’) (2°3) = (2?) + (2) + (37) 


(1°3*) = (1°) + (37) + (37) (172°3?) = (1727) + (2°) + (37) 
(12439) = (123) + (23) + (37) (14243?) = (142) + (23) + (3?) 
(182737) = (16) + (1727) + (37) (162337) = (15) + (23) + (37) 
(11°23?) = (16) + (142) + (3?) (1728) = (1727) + (23) + (2°) 
(11737) = (1°) + (18) + (37) (1427) = (142) + (2°) + (2?) 
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(1273) = (123) + (23) + (23) (162°) = (16) + (23) + (2%) 
(13263) = (193) + (23) + (29) (1825) = (16) + (1222) + (23) 
(15253) = (133) + (172) + (23) (1924) = (1%) + (142) + (23) 
(17243) = (1%) + (123) + (23) (11723) = (18) + (19) + (29) 
(19233) = (1%) + (133) + (23) (1142?) = (16) + (19) + (172?) 

(1'1223) = (19) + (142) + (123) (1162) = (15) + (15) + (142) 
(11923) = (1°) + (1%) + (123) (11%) = (1%) + (1°) + (19) 
(1153) = (1°) + (18) + (173) 


Notes 


The material in Section 13.2 was taken from D. E. Knuth (1971). The 
relationship between q-series and finite vector spaces has an extensive lit- 
erature; the beginnings of this subject may be traced to Jordan (1870), 
Landsberg (1893), and Dickson (1901). Among the recent works in this area 
we mention Carlitz (1954), Carlitz and Hodges (1955a, b), Hodges (1964, 
1965), Fulton (1969), Rota and Goldman (1969, 1970), and Andrews (1971). 
Reviews of recent work in this area are given in Section T35 of LeVeque 
(1974). 

The literature on the partitions of finite sets is extensive; see Rota (1964a). 
We have taken most of our work from Rota (1964a), Rota and Frucht (1965), 
and Doubilet (1972). 

Apart from the examples we have considered there are many other applica- 
tions of partitions in pure and applied mathematics. Some of the applications 
to particle physics are given in Temperley (1952) and Bohr and Kalckar 
(1937). Partitions as applied to the representation theory of the symmetric 
group have already been mentioned in Chapter 11; see also Littlewood (1950), 
Robinson (1961), and Rutherford (1947), 

The partitions of n also possess a lattice structure relative to the partial 
ordering: (A,A,°++4,) > (A,/A2’*+-A,') when Yy-, A; > Vjor Ay’ for each i, 
1 <i <5. This lattice has been extensively treated by Brylawski (1973) and 
has been applied by Snapper (1971) to problems in group theory. 

Attention should also be drawn to Stanley (1972), who has extended the 
partition analysis of MacMahon (1916) to numerous combinatorial problems 
through the use of (P, w)-partitions. 

Examples |, 2. Rota and Goldman (1970). 

Example 5. Rota and Goldman (1969), 

Examples 6, 7. Bender (1971). Example 6 is the q-analog of the Chu- 
Vandermonde summation and is a special case of Corollary 2,4. Example 7 
is an extremely surprising and unusual generalization of Example 6. 

Example I1. Doubilet (1972). 

Example 12. Knutson (1972). 
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CHAPTER 14 | 


Computations for Partitions 


14.1 Introduction 


In most of the applied and many of the theoretical aspects of partitions we 
are interested in actually enumerating or perhaps completely exhibiting a 
set of partitions of 1 subject to certain conditions. There are certain elementary 
algorithms to apply that generally do the job if n is small; these we discuss 
in the next section. 

The parity of p(n) has been of interest over the years, and we describe in 
Section 14.3 the most effective algorithm known for determining p(n) modulo 
2, as well as other algorithms that derive from generating functions. 

Computations for higher-dimensional partitions are considered in Section 
14.4; here we include the work of D. E. Knuth, which is the only quite general 
simplification known. Sections 14.5-14.7 give reasonably short tables related 
to well-known partition functions. In Section 14.8, we present a guide to more 
extensive tables. 


14.2 Elementary Algorithms 


The simplest way to enumerate all the partitions of n is to write them in 
lexicographic order. To proceed from (A,, A,,...,A,) to the next partition in 
this order we note that 


ifA, > 1, the next partition is (A,,A,,...,4 A,— 1,1); (14.2.1) 


so “s—1 “s 


if Av, =c >I but A_.4, =Avy. = HA =H 
then the next partition is obtained by replacing 
Ager As-rguse+ eo As BY (c ~— 1), (c — 1),...,(c — Dd 
where 0 < d < c — I, and the number @ of appearances 
of (c — 1) is so chosen that afc —- 1) + d=ct+r=A,_, 
tangy trot Ay (14.2.2) 


The following computer program in FORTRAN IV utilizes the foregoing 
algorithm to compute all the partitions of each integer not exceeding 20: 


ENCYCLOPEDIA OF MATHEMATICS and Its Applications, Gian-Carlo Rota (ed.). 
2, George E. Andrews, The Theory of Partitions 

Copyright © 1976 by Addison-Wesley Publishing Company, Inc., Advanced Book Program. 
All rights reserved, No part of this publication may be reproduced, stored in a retrieval 
system, or transmitted, in any form or by any means, electronic, mechanical photocopying, 
recording, or otherwise, without the prior permission of the publisher. 
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ISBN 0-201-13501-9 


14.2 


10 
15 


COMMENT IP(J) is the Jth part of the partition of N just comp 


20 


25 


30 


35 


40 


45 


50 


55 


60 
65 


70 


75 
80 


DIMENSION IP(20) 
DO 80 N=1,20 
WRITE (6,5) N 
FORMAT (110) 
IP(1)=N 

D@ 10 L=2,20 
IP(L)=0 
CONTINUE 


Elementary Aigorithms 


WRITE (6,20) IP(1), IP(2), ..., 1P(20) 


FORMAT (2013) 
J=1 

CONTINUE 

IF (IP(J)—1) 35,35,30 
J=J+1 

GO TO 25 
CONTINUE 

IF (J—1) 75,75,40 
M=J-2 

K=N 

IF (M) 45,55,45 

D@ 50 L=1,M 
K=K-—IP(L) 
1Q=IP(J—1) 
JQ=K((IP(J—1)—1) 
DO 65 LQ=1,JQ 
IP(J—2+LQ)=IQ-1 
IP —1+JQ)=K —JQ«(IQ—1) 
MQ=J+JQ 

D@ 70 NQ=MQ,N 
IP(NQ)=0 

GO TO 15 
CONTINUE 
CONTINUE 

STOP 

END 
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The printout begins with 


1 
1 00 0 
2 
2 00 0 
1 1 0 0 
3 
3 00: 0 
2 10 -:: 0 
1 11: QO 


It is a simple matter to put in a subroutine that will examine whether each 
partition (A,,..., 4,) = (IP(1), IP(2),..., IP(S)) fulfills various prescribed 
conditions. 

There is also a related algorithm due to Hindenburg that may be restricted 
to the partitions of n into exactly m parts. The order now is reverse lexico- 
graphic: the parts are written in ascending order and (A,:‘°-A,,) appears 
before (A,'-+-A,,’) in the list if for some j: A, = A,’, A, = Ay’,.-., Ay-y = 
Aj_y, Ay < Ay. 

The algorithm begins with the first element in this ordering: (1,1,...,1,n — 
m + 1), and it passes from (A,,..., A,,) to the next partition as follows: 


find the largest j such that A,, — A, > 2; (14.2.3) 


replace Aj, Aj44,--., 4m by (A, + 1, A; + 1,..., Ay + 1, Am’) 
where A,, is so chosen that the number being partitioned 
is still n, For example, when m = 5, n = 12 (14.2.4) 


LS er ce ee ee 
NN NN DNS SE ee eS 
NN WN NY WNN DN | — — — 
WN wWwWN WwW hW NY hh WN — 
wh wWhMnh hODNAD ~! 1 


Again we have an easily programmable algorithm. 
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14.3 Algorithms from Generating Functions 


One value of our work on generating functions and partition identities lies 
in the fact that the time of computation for certain partition functions may 
be greatly decreased through algorithms derived from these theoretical 
considerations. 

For example, Corollary 1.8: p(n) — p(n — 1) — p(n — 2) + p(n — 5) + 
p(n — 7) —+++=0, provides us with all values of p(n) for n < N after on 
the order of %(6n%)* operations. This is quite efficient compared to the 
algorithm that arises from Example 2 in Chapter 6, where the r(n) in 
T]n>1 (1 — 9")°* = ¥y20 r(n)q” may be computed from the recurrence 


nr(n) = J) r(n — hi)ja,, 
h,j21 
A-j<n 
which requires on the order of n? log n operations. 
Exact formulas such as those in Chapter 5 also provide useful means for 
computation. 
The partition identities of Chapters 7-9 are also useful in this regard. For 
example, in Theorem 8.5 we see that A, (n) can be computed in on the order 
of cn/? (c a constant that depends on k) steps from 


Y A, (n)q” Her Y (- 1)’qt2k+ Donte + 1) inc -_ grt bi, 


nz0 < (9)0 n=0 


On the other hand, if we compute B, {n) from 


>» by {m, n) = B, {n), 


m20 


b, (m,n) = bm, 1) + by gia (m — i+ 1,n —- m), 


by ofm, n) = 0, 
b 1 if m=n=0, 
udm, n) = 0 if m<0O or n<O but m? +n’? 40, 


then we must use essentially dn? steps (d a constant that depends on k). 

In general, when we undertake computations of a particular partition 
function, consideration of and transformations of the related generating 
function should always be carefully examined in view of the possible time- 
saving that can be effected. 

We close this section with the following theorem, due to MacMahon, 
which provides an even better algorithm than Corollary 1.8 for computing 
the parity of p(n): 
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THEOREM 14.1 
p(4n) = p(n) + p(n — 7) + p(n — 9) 4+-°+++ p(n — a) +°°>+ (mod 2), 
p(4n + 1) = p(n) + p(n — 5) + p(n — 11) +°°+ + p(n — B) +°+* (mod 2), 
p(4n + 3) = p(n) + p(n — 3) + p(n — 13) +°°++ + p(n — 9;) +°°* (mod 2), 
p(4n + 6) = p(n) + p(n — 1) + p(n — 15) +--+ + p(n — 6;) +-°> (mod 2), 
where the right-hand series are terminated just before the arguments become 
negative and a; = i(8i $ 1), B,; = i(8i F 3), y; = i(8i F 5), 6, = i(8i F 7). 
Proof. 
Epema = Td - a" 


=[]d +4")! (mod 2) 
=[]d - 4") (Eq. (1.2.5)) 
= Ila + q*"') + q*"3) (mod 2) 


=] = 4%) TE = gt gH + 3) 
n=1 


a=1 


= ( 3 nna’) git) (by Theorem 2.8). 
n20 n=0 

The recurrences stated in Theorem 14.1 are now easily obtained by comparing 

coefficients of q4", q*"*!, q4"*+3 and q*"*® in the foregoing congruence. fi 

14.4 Computations for Higher-Dimensional Partitions 


As long as we are treating problems in which the related generating function 
is of some well-known form, for example, an infinite product, then it is 
possible to proceed as we have indicated tn Section 14.3. Unfortunately, such 
good fortune is not available when we consider partitions of dimension d 
with d > 2, as we have seen in Chapter 11. Thus, computation of even 
three-dimensional partitions becomes a cumbersome problem. The only 
useful tool known is a device of MacMahon that is closely related to our 
proof of Theorem 3.7. MacMahon’s technique was seen by D. E. Knuth 
to apply to a quite general setting, and we shall present his generalization. 
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We shall consider a set P partially ordered by © and an order reversing 
map w from P to the set of nonnegative integers; that is, if x © y in P, then 


ox) > a(y). 


DEFINITION 14.1. We shall call the order reversing map w a labeling if 
additionally only finitely many x have w(x) > 0. 


The following lemma isolates those elements of P with positive labels; this 
immediately reduces our consideration from all of P (which is generally 
infinite) to a finite subset of P. 


Lemma 14.2, Let the partial ordering © be extended to a linear ordering 
< of P. There is a bijection between the labelings of P and pairs of sequences 


nN, 2n, Sos > 0, (positive integers), 
K py Moyers (elements of P), (14.4.1) 


subject to the conditions that (i) x € P and x © x; implies x = x, for some 
i < jf; (li) x; > x;,, implies n; >,,,,for1 <i<m. 


Proof. The correspondence is obvious once we exhibit the appropriate 
construction: Write down all x with a given largest label in increasing order 
relative to <; then write the x with the next largest label, again in increasing 
order relative to <; and so on. Once all positive labels are exhausted, write 
the label of each x listed directly above that x. Inspection shows that this 
procedure produces the desired sequences and is uniquely reversible. a 


DeFtiniTion 14.2, We shall say that a labeling @ of P is a P-partition 
of nif Yep a(x) = 1. 


Now by Lemma 14.2, every P-partition corresponds uniquely to a 
pair of sequences 


ny 2m, Sn, 2°°- (an infinite sequence of nonnegative integers), 
Xp Nae dXS (distinct elements of P), (14.4.2) 


where im > 0; (i) xe Pand x < x, implies x = x;forsomei < j, (ii) x, > X;41 
implies n, > 4;,, for 1 <i < m; (iti) if m > 0, then n, > n,41; (iv) if 
m > 0, then there exists xe P such that x < x,, and x # x; for] <i < m. 
Finite sequences {x,} satisfying (i) and (iv) are called topological sequences. 
To see this correspondence, we merely attach infinitely many zeros to the 
sequence n, and we delete x,, if it is the least element of P — {x,,.--, Xm-—1}- 

For example, Iet P be the set of points in the plane with nonnegative 
coordinates and with the partial ordering (i, f) © (i,j) ifi < i andj <j’. 
This partial ordering may be extended to a linear ordering through the 
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lexicographic order (i,j) < (i,j) if i < # ori =’ andj <j’. In this case, 
P-partitions as characterized in (14.4.1) correspond precisely to plane 
partitions (written upside down). Thus the plane partition 


12 
431 
5332 
corresponds to the (P, w)-partition 
5 4 3 3 3 2) 2 1 1 1 


(0,0) (0,1) (1,0) (1,1) (2,0)(1,2)(3,0) (2,1) (0,2) (0,3) 


The corresponding sequence (14.4.2) is 


5 A 3 3 3 2.2 1 1100 
(0,0) (0,1) (1.0) (1) (@2,0)(1,2)G,0) (2,1) 


Clearly there is a one-to-one correspondence between the (14.4.1) sequences 
and the (14.4.2) sequences. 


DEFINITION 14.3. The index of a topological sequence x,, X2,..-, X,, iS the 
sum of all j such that x; > x;,, with the convention that x,, > Xm41- 


Thus, returning to our example, we see that the topological sequence 
(0,0) (1) 0,9 (1) 2,90,2G,9 (2,1 


has index 5 + 7 + 8 = 20. 

Given a topological sequence x,, X2,-.-, Xm» every Sequence n, > Nn, 2B-'- 
of nonnegative integers that satisfies conditions (ii) and (iii) listed after 
(14.4.2) corresponds uniquely to an infinite sequence p, > p, > p3 2°°° 
obtained by subtracting | from each of n,,..., nj foreach jsuch that x, > x;,, 
or j = m. Returning to our example, we see that thesequence p, > p, > py 2° °° 
in this case is 


2, 1, 0, 0, 0,0, 0,0,0,0,.... 


The remarkable fact is that the sum of the p; plus the index equals the sum 
of the n; and this is the only relationship between the three sequences 
{x1,---, Xm}, {nz}, {p,;}. These observations establish the following result. 


THEOREM 14.3. Let P be an infinite partially ordered set. Then there is a 
one-to-one between correspondence P-partitions of n and ordered pairs 
({x,}, {p;}) where {x,} is a topological sequence and {p;} is a partition of 
n — k, with k the index of {x;}. a 
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COROLLARY 14.4. Let P be an infinite partially ordered set; let s(n) be 
the number of P-partitions of n, and let t(k) be the number of topological 
sequences of P having index k. Then 


¥. s(n)q” = ( Y Kat) », n(n) 
n20 n20 n20 
= (q)z' ¥ tin)q”. . @ 


n20 
Generally topological sequences are easier to find (and index) than arbitrary 
(P, w)-partitions. For example, we may construct topological sequences of 
points in the first quadrant as follows: First choose a set of, say, m points 
that correspond to the graphical representation of some partition. Then 
number these points using the first m integers, so that there is strict increase 
along rows and columns, making sure that m is not in the first column. If, say, 


is chosen, then the corresponding topological sequences are ] 


3 2 
124 and 134, 


meaning x, = (0,0), x. = (1,9), x3 = (0, 1), x, = (2,0), and x, = (0,0), 
xX, = (0, 1), x3 = (1, 0), x, = (2, 0), respectively. In this instance our topolog- 
ical sequences are essentially standard Young tableaux (to obtain standard 
Young tableaux, reverse the sequence), with the special requirement that m 
not be in the first column. 


14.5 Brief Tables of Partition Functions 


Table 14.1 lists p(n), the number of partitions of n; p(O, n\(= p(Z, n) the 
number of partitions of n with odd parts; A, >(n)(= B,,(n)), the number 
of partitions of n into parts congruent to 1 or 4 modulo 5, and A, ,(n) 
(= B,,,(n)), the number of partitions of nm into parts congruent to 2 or 3 
modulo 5, 


14.6 Table of the Plane Partition Function 


Table 14.2, for M,(n), the number of plane partitions of n, was easily 
computed from the simple recurrence (Chapter 6, Example 2) 


nM,(n) = ¥ Ma(n — jo,(/) 


j=l 


where o2(j) is the sum of the squares of the divisors of /. 
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Table 14.1 
" p(n) pC) Ay 2) A, () 
| 1 1 | 0) 
2 2 1 | | 
3 3 2 | | 
4 5 2 2 | 
5 7 3 2 | 
6 11 4 3 2 
7 15 5 3 2 
8 22 6 4 3 
9 30 8 5 3 
10 42 10 6 4 
11 56 12 7 4 
12 77 15 9 6 
13 101 18 10 6 
14 135 22 12 8 
15 176 27 14 9 
16 231 32 17 11 
17 297 38 19 12 
18 385 46 23 15 
19 490 s 26 16 
20 627 64 31 20 
21 792 76 35 22 
22. 1002 89 4l 26 
23 1255 104 46 29 
24 1575 122 54 35 
25 1958 142 61 38 
26 2436 165 70 45 
27 3010 192 79 50 
28 3718 222 91 58 
29 4565 256 102 64 
30 5604 296 117 75 
31 6842 340 131 82 
32 8349 390 149 95 
33 10143 448 167 105 
34 12310 512 189 120 
35 14883 585 211 133 
36 17977 668 239 152 
37 21637 760 266 167 
38 26015 864 299 190 
39 31185 982 333 210 
40 37338 1113 374 237 
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Table of the Plane Partition Function 


Table 14.1 (continued) 
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a p(n) pO, n) Az ,2(n) Az”) 
4i 44583 1260 415 261 
42 53174 1426 465 295 
43 63261 1610 515 324 
44 75475 1816 575 364 
45 89134 2048 637 401 
46 105558 2304 709 448 
47 124754 2590 783 493 
48 147273 2910 87i 55i 
49 173525 3264 961 604 
50 204226 3658 1065 673 
51 239943 4097 1174 739 
52 281589 4582 1299 820 
53 329931 5120 1429 899 
54 386155 5718 1579 997 
55 451276 6378 1735 109 
56 526823 7408 1913 1207 
57 614154 7917 2100 132i 
58 715220 8808 2311 1457 
59 831820 9792 2533 1593 
60 966467 10880 2785 1756 
6i 1121505 12076 3049 1916 
62 1300156 13394 3345 2108 
63 1505499 14848 3659 2301 
64 1741630 16444 4010 2525 
65 2012558 18200 4380 2753 
66 2323520 20132 4794 3019 
67 2679689 22250 5231 3287 
68 3087735 24576 5717 3599 
69 3554345 27130 6233 3917 
70 4087968 29927 6804 4281 
71 4697205 32992 7409 4655 
72 5392783 36352 8080 5084 
73 6185689 40026 8790 5521 
74 7089500 44046 9573 6021 
75 8118264 48446 10406 6537 
716 9289091 53250 11322 7HE8 
77 10619863 58499 12294 7724 
78 12132164 64234 13363 8401 
719 13848650 70488 14498 9103 
80 15796476 T7312 15742 9894 
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Table 14.1 (continued) 


n p(n) p(@, n) Az 2(n) A, (n) 
81 18004327 84756 17066 10715 
82 20506255 92864 18512 1163t 
83 23338469 101698 20050 12587 
84 26543660 $11322 21732 13653 
85 30167357 121792 23519 14761 
86 34262962 133184 25466 15995 
87 38887673 145578 27540 17285 
88 44108109 159046 29796 18710 
89 49995925 173682 32196 20203 
90 56634173 189586 34806 21854 
91 64112359 206848 37582 23579 
92 72533807 225585 40594 25483 
93 82010177 245920 43802 27480 
94 92669720 267968 47276 29671 
95 104651419 291874 50974 31975 
96 118114304 317788 54979 34502 
97 133230930 345856 59239 37153 
98 150198136 376256 63843 40058 
99 169229875 409174 68747 431t4 
100 190569292 444793 74040 46447 


14.7 Table of Gaussian Polynomials 


Since these polynomials 


"| teat sa) 


r 


Sa G9) 
have been so important throughout our work, we include self-explanatory 
Table 14.3, complete for n < 12. We note that since 


n 
"| Sh bg abe gs 


hence we consider only 2 


IN 
™ 

IN 
= 
m 
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Table 14.2 
n M,(n) n M,(n) n M,(n) 
i i 4i 409383981 8i 23498 9042219523 
2 3 42 593001 267 82 31738 2398602028 
3 6 43 856667495 83 42817 1324714100 
4 13 44 1234363833 84 57697 8362008 262 
5 24 45 1774079109 85 77663 3557947931 
6 48 46 2543535902 86 104422 6582040722 
7 86 47 3537993036 87 §40249 8445554353 
8 160 48 5191304973 88 £88168 0993051045 
9 282 49 7391026522 89 =. 252492 5777635221 
10 500 50 § 0499640707 90 337650 8618954817 
ti 859 Si t 4883573114 9t 451605 3506209319 
12 1479 52 2 1053676445 92 603409 5681424573 
13 2485 53 2 9720561 230 93 805440 1761691018 
i4 4167 54 4 1871334614 94 1074059 4259633282 
15 6879 55 5 8874385349 95 1430879 4779412286 
16 11297 56 8 2623976486 96 904421 9737399823 
17 18334 57 it 5737404664 97 2532294 5742768655 
18 29601 58 16 1825846160 98 3364043 3065994170 
19 47330 59 22 5863047430 99 4464887 4867815365 
20 75278 60 31 4689799781 100 5920606 6030052023 
2i 118794 61 43 7699333376 
22 186475 62 60 7771804065 
23 290783 63 84 2541287719 
24 451194 64 116 6117605448 
25 696033 65 161 £415838202 
26 1068745 66 222 3312543970 
27 1632658 67 306 2906627106 
28 2483234 68 421 3276093961 
29 3759612 69 578 7232662336 
30 5668963 70 793 7771067795 
31 8512309 7t = $087 2114256046 
32 12733429 72 $487 0591703377 
33 18974973 73 2031 1959869076 
34 28175955 74 2770 7354427729 
35 41691046 7S 3774 5732428153 
36 61484961 76 =5435 4666391773 
37 90379784 717 6978 1543686979 
38 132441995 78 9470 1959299374 
39 193487501 79 $2836 4196860773 
40 281846923 80 £7378 1688194937 
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Table 14.3 


i t 2 3 5 7 9 th 14 16 18 19 20 20 19 18 16 14 Th 
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Table 14.3 (continued) 


a 
1 2 53 4 (5 6 7 8 9 10 11 12 13 14 15 16 17 18 
" q 494 94 4 4 4 4° 4 44 q 4 q 
11 
% 1 1 2 2 3 3 4 4 5 5 5 4 4 3 3 2 2 «21~«1 
11 
. 1 1 2 3 4 5 7 8 10 11 12 12 #3 12 12 11 10 8 7 
11 
4 1 1 2 3 5 6 9 I1 14 16 19 20 23 23 24 23 23 20 19 
11 
5 1 1 2 3 5 7 10 12 16 19 23 25 29 30 32 32 32 30 29 
12 
| ee! Ce? ee? aa i A. a. OURS YOR VO, <a > YO SR. ca as 2 
12 
1 1 2 3 4 5 7 8 10 12 13 14 15 15 15 15 14 13 #2 
12 
F 1 t 2 3 5 6 9 11 15 17 21 23 27 28 31 31 33 31 31 
12 
5 1 1 2 3 5 #7 10 13 17 21 26 30 35 39 43 46 48 49 49 
12 
é 1 tf 2 3 5 7 It 13 18 22 28 32 39 42 48 51 55 55 58 


14.8 Guide to Tables 


Gupta, Gwyther, and Miller (1958) present the most extensive readily 
available table of partitions. This table lists p(n) for n < 600, and extensive 
tables are given for the number of partitions of n into at most m parts. Their 
work greatly extends a previous table by Gupta (1939). Barton, David, and 
Kendall (1966) present short tables of partitions and bipartitions. N. J. A. 
Sloane (1973) lists numerous partition sequences in his fascinating Handbook 
of Integer Sequences. The papers by Andrews, Cheema, Churchhouse, and 
Burnell and Houten in the book Computers in Number Theory (Academic 
Press, New York, 1971) describe some recent uses of computers in partition 
problems. 


Notes 


The algorithm of Hindenburg in Section 14.2 is taken from Dickson’s 
History of the Theory of Numbers (1920, Vol. 2, p. 106); the.entire Chapter 3 
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of that book presents a detailed early history of partitions. The history from 
1940 to 1972 may be found in LeVeque’s (1974) Reviews in Number Theory, 
Chapter P, Vol. 4, while in Vol. 6, Section Z30, reviews of various tables of 
partitions may be found. 

Theorem 14.1 is from MacMahon (1921); MacMahon’s work was greatly 


extended by Parkin and Shanks (1967). The material in Section 14.4 is taken 
from Knuth (1970); Knuth includes a computer program for finding the 
topological sequences related to solid partitions. The P-partition concept has 
been generalized extensively by Stanley (1972) to(P, w)-partitions, and he 
has shown that numerous partition and permutation problems can be treated 


through the use of this powerful method. 

The excellent book by Nijenhuis and Wilf (1975) presents a number of 
algorithms for the computation of compositions and partitions; Chapters 5 
and 6 of their text treat compositions while Chapters 9 and 10 are related 
to partitions. 
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